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SYMMETRIC POWERS IN ABSTRACT HOMOTOPY
CATEGORIES
S. GORCHINSKIY, V. GULETSKI˘I
Abstract. We study symmetric powers in the homotopy categories of abstract
closed symmetric monoidal model categories, in both unstable and stable settings.
As an outcome, we prove that symmetric powers preserve the Nisnevich and e´tale
homotopy type in the unstable and stable motivic homotopy theories of schemes
over a base. More precisely, if f is a weak equivalence of motivic spaces, or a
weak equivalence between positively cofibrant motivic spectra, with respect to the
Nisnevich or e´tale topology, then all symmetric powers Symn(f) are weak equiva-
lences too. This gives left derived symmetric powers in the corresponding motivic
homotopy categories of schemes over a base, which aggregate into a categorical
λ-structures on these categories.
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1. Introduction
In topology, symmetric powers preserve homotopy type of CW -complexes, which
is at the very heart of the fundamental Dold-Thom theorem connecting the ho-
mology of a complex to the homotopy groups of its infinite symmetric product. A
natural question is to which extent such phenomena could be true in the motivic
A1-homotopy theory of schemes over a base? The first steps in this direction were
made in the pioneering work [17]. In [19] Voevodsky developed a motivic theory
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of symmetric powers, good enough to construct motivic Eilenberg-MacLane spaces
needed for the proof of the Bloch-Kato conjecture. His symmetric powers depend on
symmetric powers of schemes presenting motivic spaces. The aim of this paper is to
develop a purely homotopical theory of symmetric powers in an abstract symmetric
monoidal model category, and to give an affirmative answer to the question when
symmetric powers preserve weak equivalences in such a category, working out the
unstable and stable settings separately.
More technically, working in a closed symmetric monoidal model category C , we
address the following two fundamental questions in the paper. Whether left derived
symmetric powers exist in the homotopy category Ho(C ) and, if they do, whether
they aggregate into a (categorical) λ-structure on the homotopy category of C ?
The latter concept means that, given a morphism in Ho(C ), there exists a tower
connecting the derived symmetric powers of the domain and codomain, whose cones
can be computed by the Ku¨nneth rule. A categorical λ-structure is then a system
of Ku¨nneth towers, functorial on morphisms in Ho(C ). The decategorification of
a categorical λ-structure via Waldhausen’s K-theory gives a usual λ-structure in a
commutative ring.
We develop a general machinery to deal with that kind of questions in C , and in
symmetric spectra over C . The methods for the stable and unstable cases are sur-
prisingly different. In the unstable setting, we introduce the notion of symmetrizable
cofibrations and study how symmetrizability behaves under cofibrant generation and
localization in the sense of [5]. With this aim, we provide quite a general condition
on a left derived functor so that it factors through the localized homotopy category.
The main type of localization is the contraction of a diagonalizable interval in C . In
the stable setting we construct a positive model structure on the category of sym-
metric spectra, in which weak equivalences are the usual stable weak equivalences
and all cofibrations are isomorphisms on level zero. This is a generalization of the
positive model structures in topology, constructed by Elmendorf, Kriz, Mandell and
May in [2]. The positive model structure is the main tool in the study of symmetric
powers of symmetric spectra over C .
Our main destination is, however, the motivic A1-homotopy theory of schemes,
and we anticipate numerous applications of our methods and results in arithmetic
and geometry through that theory. For example, positive model structures have
their account in motivic commutative ring spectra, [1], [6], as they do in topology,
[16]. For the present, we prove the following two theorems giving positive answers to
the above questions in the unstable and stable motivic homotopy theory of schemes
over a base:
Theorem A. Symmetric powers preserve the Nisnevich and e´tale homotopy
type of motivic spaces, left derived symmetric powers exist in the unstable
motivic homotopy category of schemes over a base and aggregate into a cat-
egorical λ-structure on it.
Theorem B. Symmetric powers preserve stable weak equivalences between
positively cofibrant motivic symmetric spectra, left derived symmetric powers
exist in the motivic stable homotopy category of schemes over a base and
aggregate into a categorical λ-structure on it. The left derived symmetric
powers of motivic spectra coincide with the corresponding homotopy symmet-
ric powers.
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Now we give a road map of the theorems and propositions appearing in the text.
We start the paper by introducing the notion of symmetrizable (trivial) cofibrations
in C . To study left derived symmetric powers, it would be natural to consider (triv-
ial) cofibrations whose symmetric powers are again (trivial) cofibration. However,
we need to introduce a stronger property so that it becomes invariant under com-
positions and push-outs. Loosely speaking, (trivial) cofibrations are symmetrizable
if they are stable under taking colimits of the action of symmetric groups on their
push-out products in C . If cofibrations are symmetrizable, then one can associate,
to a cofibre triangle in C , a tower of cofibrations connecting symmetric powers of the
vertices of the triangle, and whose cones can be computed by Ku¨nneth’s rule. Such
Ku¨nneth towers can be viewed as a sort of categorification of λ-structures in com-
mutative rings, and give a powerful tool to work out symmetric powers (Theorem
20). If trivial cofibrations between cofibrant objects are symmetrizable, then sym-
metric powers preserve weak equivalences between cofibrant objects and so admit
their left derived endofunctors on C (Theorem 22). When C is cofibrantly generated
by the set of generating cofibrations I and the set of trivial generating cofibrations
J , and if the sets I and J are both symmetrizable, then all cofibrations and trivial
cofibrations in C are symmetrizable (Theorem 5 and Corollary 7). This is useful in
applications to concrete cofibrantly generated monoidal model categories, and will
be applied to symmetric spectra in Section 9. If, in addition, symmetric powers
of cofibrant replacements of morphisms in a set of morphisms S are S-local equiv-
alences, then trivial cofibrations between cofibrant objects in the left localization
CS are symmetrizable (Theorem 30). To show this, we give a condition on a left
derived functor (which might not have right adjoint) to factor it through the local-
ized homotopy category (Theorem 26). This result can be applied to a broad range
of Bousfield localizations. An important particular case is when S-localization is a
contraction of a diagonalizable interval into a point (Theorem 38).
In topology, i.e. when C is the category of simplicial sets, all cofibrations and
trivial cofibrations are symmetrizable (Proposition 55). If C is the unstable model
category of motivic spaces over a base, i.e. the model category for the unstable A1-
homotopy category of schemes, cofibrations come up from the simplicial side, so that
they are symmetrizable too. The A1-localization is a crux, and Theorem 38 gives
that symmetrizability of trivial cofibrations is stable under A1-localization. In turn,
this gives that trivial cofibrations between motivic spaces are symmetrizable, so
that the above Theorem 20 and Theorem 22 are applicable in the motivic unstable
homotopy theory of schemes over a base. Collecting all these things together we
obtain the above Theorem A (Theorem 57 in the text).
In the stable world, the approach is different. In this paper, a stable homotopy
category is the homotopy category of the category S of symmetric spectra over a
closed symmetric monoidal model category C , stabilizing a smash-with-T functor
for a cofibrant object T in C , see [8]. The symmetricity of spectra is very essential
due to the fact that the monoidal product in S is coherent with the monoidal prod-
uct in the corresponding homotopy category Ho(S ), [9], [8]. There are two crucial
ingredients in working out symmetric powers of symmetric spectra. The first one
is the existence and construction of the positive stable model structure for abstract
symmetric spectra (Theorem 45). The second ingredient is that n-th monoidal pow-
ers of positively cofibrant spectra are positively level-wise Σn-equivariantly cofibrant
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(Proposition 48). Using these results we prove (Theorem 50) a pretty general ver-
sion of the theorem due to Elmendorf, Kriz, Mandell and May saying that the n-th
symmetric power of a positively cofibrant topological spectrum is stably equivalent
to the n-th homotopy symmetric power of that spectrum, see [2], Chapter III, The-
orem 5.1, and [13], Lemma 15.5. Our method, however, is different from the one
in loc.cit. In constructing positive model structures we systematically use Hirsh-
horn’s localization and in proving Theorem 50 we use Theorem 5 on the stability
of symmetrizable (trivial) cofibration under cofibrant generation. Theorem 50 im-
plies that symmetric powers preserve positive and stable weak equivalences between
cofibrant objects in the positive model structure in S (Corollary 51). In one turn,
this gives λ-structure of left derived symmetric powers in the stable homotopy cat-
egory Ho(T ) (Corollary 52). Notice also that the left derived symmetric powers of
symmetric spectra are canonically isomorphic to the corresponding homotopy sym-
metric powers. Now, applying the above general results for symmetric spectra to
motivic symmetric spectra of schemes over a base, we obtain Theorem B (Theorem
59 below).
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2. Preliminary results
To get started we recall the notion of a closed symmetric monoidal model category
C . If C is moreover simplicial then we prove that symmetric powers preserve left
homotopies between morphisms, Lemma 1, motivating all the subsequent consid-
erations in the paper. Being model, C is a category with three distinct pair-wise
compatible structures: it is a model category, it is a closed symmetric monoidal
category, and it is a simplicial category. Being model, C is equipped with three
classes of morphisms, weak equivalences, fibrations and cofibrations, which have the
standard lifting properties and meanings, see [15] (or [7] for modern reference). The
monoidality of C means that we have a functor ∧ : C × C → C sending any or-
dered pair of objects X, Y into their monoidal product X ∧ Y , and that product is
symmetric, i.e. there exists a functorial transposition isomorphism X ∧Y ≃ Y ∧X .
Moreover, the product ∧ is also functorially associative, and there exists a unit
object 1, such that 1 ∧ X ≃ X and X ∧ 1 ≃ X for any X in C . The monoidal
product could be also denoted by ⊗ but we prefer to keep to the “pointed” notation
∧. Coproducts will be denoted by ∨.
A substantial thing here is that monoidality has to be compatible with the model
structure. Namely, let f : X → Y and f ′ : X ′ → Y ′ be two morphisms in C and let
(X ∧ Y ′) ∨X∧X′ (Y ∧X
′)
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be the colimit of the diagram
X ∧X ′
f∧id
//
id∧f ′

Y ∧X ′
X ∧ Y ′
A push-out product of f and f ′ is, by definition, the unique map
ff ′ : (X ∧ Y ′) ∨X∧X′ (Y ∧X
′) −→ Y ∧ Y ′
induced by the above colimit. The relation between the model and monoidal struc-
tures can be expressed by the following axioms, see Section 4.2 in [7]:
(A1) If f and f ′ are cofibrations then ff ′ is also a cofibration. If, in addition,
one of the maps f and f ′ is a weak equivalence, then so is ff ′.
(A2) If q : Q1→ 1 is a cofibrant replacement for the unit object 1, then the maps
q∧ id : Q1∧X → 1∧X and id∧ q : X ∧Q1→ X ∧1 are weak equivalences
for all cofibrant X .
The functor X ∧ − has right adjoint functor Hom(X,−). It follows that X ∧ −
commutes with colimits.
Now, for any natural number n let Σn be the symmetric group of permutations of n
elements, considered as a category with single object and morphisms being elements
of the group. Given an object X in C we have a functor from Σn to C sending the
unique object in Σn into X
∧n, and permuting factors using the commutativity and
associativity constrains in C . The n-th symmetric power Symn(X) of X is a colimit
of this functor. Clearly, Symn is an endofunctor on C .
Lemma 1. Suppose that C is, in addition, simplicial and the functor K 7→ 1 ∧K
from simplicial sets to C is symmetric monoidal. Let f, g : X ⇒ Y be two morphisms
in C which are left homotopic, i.e. there exists a morphism H : X ∧ ∆[1] → Y ,
such that H0 = f and H1 = g, where ∆[1] is the simplicial interval in ∆
opSets.
Then, for any natural n, the morphism Symn(f) is left homotopic to the morphism
Symn(g).
Proof. Let δn : ∆[1]→ ∆[1]
∧n be the diagonal morphism and αn be the composition
of idX∧n ∧ δn with the isomorphism between X
∧n ∧∆[1]∧n and (X ∧∆[1])∧n. Then
H∧n ◦αn : X
∧n∧∆[1]→ Y ∧n is a left homotopy between f∧n and g∧n. The cylinder
functor −∧∆[1] has right adjoint, so commutes with colimits. As permuting factors
does not effect the diagonal, the permutation of factors in (X ∧∆[1])∧n is coherent
with the permutation of factors in X∧n in the product X∧n ∧∆[1]. Taking colimits
over Σn we obtain a left homotopy between Sym
n(f) and Symn(g).
Example 2. The existence of a simplicial structure, and its compatibility with the
symmetric monoidal structure on C in Lemma 1 are essential. Indeed, let Kom(Z)
be the category of unbounded complexes of abelian groups. The category Kom(Z)
inherits the symmetric monoidal structure via total complexes Tot(− ⊗ −) and
has a natural structure of a model category whose weak equivalences are quasi-
isomorphisms and fibrations are term-wise epimorphisms. The category is closed
symmetric monoidal model but not simplicial. Let X be the complex . . . → 0 →
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Z
id
−→ Z → 0 → . . ., where Z is concentrated in degrees −1 and 0 respectively.
This complex is homotopically trivial. On the other hand, a calculation shows that
Sym2(X) is the complex
. . .→ 0→ Z/2
0
−→ Z
id
−→ Z→ 0→ . . . ,
where Z/2 stands in degree −2. Clearly, this Sym2(X) has non-trivial cohomology
group in degree −2.
Let now C be as in Lemma 1, and let Ho(C ) be the homotopy category of C . A
naive way to define symmetric powers in Ho(C ) would be through Lemma 1 and
the standard treatment of homotopy categories as subcategories of fibrant-cofibrant
objects factorized by left homotopies on Hom-sets, see [7, 1.2] or [15]. Indeed, let Ccf
be the full subcategory of objects which are fibrant and cofibrant simultaneously.
Let, furthermore, ho(C ) be the quotient category of Ccf by left homotopic morphisms
between fibrant-cofibrant objects in C . As symmetric powers respect left homotopies
by Lemma 1, we have now a functor Symn : ho(C ) → Ho(C ). The category C ,
being a model category, is endowed with a fibrant replacement functor R : C → Cf
and a cofibrant replacement functor Q : C → Cc. Combining both we obtain mixed
replacement functors RQ and QR from C to the full subcategory Ccf of fibrant-
cofibrant objects in C , any of which induces a quasi-inverse to the obvious functor
from ho(C ) to Ho(C ). Then one might wish to construct an endofunctor Symn on
Ho(C ) as a composition of this quasi-inverse and the above Symn. However, this
way is not too much natural as we still have no derived symmetric powers in Ho(C ).
3. Symmetrizable cofibrations
In this section, we introduce the notion of symmetrizable (trivial) cofibrations.
The main result, Theorem 5, asserts that this property is stable under the operations
participating in cofibrant generation of model categories. This gives that to check
symmetrizability of (trivial) cofibrations it is enough to examine it on generating
(trivial) cofibrations, see Corollaries 7, 8 and 9.
Let C be a closed symmetric monoidal model category with the monoidal product
∧ : C × C → C . For any two morphisms f : X → Y and f ′ : X ′ → Y ′ in C , let
2(f, f ′) = (X ∧ Y ′) ∨X∧X′ (Y ∧X
′)
be the coproduct over X ∧X ′, and let
ff ′ : 2(f, f ′) −→ Y ∧ Y ′
be a universal morphism from the colimit into Y ∧ Y ′. Such defined 2-operations
are commutative and associative in the obvious sense. For example, for any three
morphisms f : X → Y , f ′ : X ′ → Y ′ and f ′′ : X ′′ → Y ′′ in C the morphism
(f2f ′)2f ′′ is the same as the morphism f2(f ′2f ′′) up to the canonical isomorphism
between 2(f2f ′, f ′′) and 2(f, f ′2f ′′). Since 2 is an associative operation, for any
finite collection fi : Xi → Yi, i = 1, . . . , l, of morphisms in C we have a well defined
morphism
f12 . . .2fl : 2(f1, . . . , fl) −→ Y1 ∧ · · · ∧ Yl .
For simplicity, let X ′ = X , Y ′ = Y and f ′ = f . Then we have the 2-squares
2
2
1(f) = 2(f, f) and f
22 = f2f , which can be generalized for higher degrees as
follows. Let Γ be the category with two objects 0 and 1 and one morphism 0→ 1,
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and let Γn be the n-fold Cartesian product of Γ with itself. Objects in Γn are ordered
n-tuples of zeros and units. A functor K : Γ→ C is just a morphism f : X → Y in
C . It is also natural to write K(f) rather than K, since K is fully determined by the
morphism f . For any natural n let Kn be the composition of the n-fold Cartesian
product Γn → C n and the functor C n
∧
→ C . For any 0 ≤ i ≤ n one has a full
subcategory Γni in Γ
n generated by n-tuples having not more than i units in them.
The restriction of Kn on Γni will be denoted by K
n
i (f), or simply by K
n
i when f is
clear. In other words, Kni is a subdiagram in K
n having not more than i factors Y
in each vertex. Let then
2
n
i (f) = colimK
n
i (f)
or simply
2
n
i = colimK
n
i .
Since Kn0 = X
n and Knn = K
n, respectively, 2n0 = X
n and 2nn = Y
n. As Kni−1 is a
subdiagram in Kni one has a morphism on colimits
2
n
i−1 −→ 2
n
i
for any 1 ≤ i ≤ n.
Suppose C is cofibrantly generated. Let G be a finite group considered as a one-
object category, and let C G be the category of functors from G to C . We shall be
using the standard model structure on C G provided by Theorem 11.6.1 in [5]. In
particular, given a morphism f in C G, it is a weak equivalence (fibration) in C G if
and only if the same f , as a morphism in C , is a weak equivalence (fibration) in C .
For any object X in C G, let X/G be the colimit of the action of the group G on X .
This is a functor from C G to C preserving cofibrations.
The group Σn acts on Γ
n and so on Kn. Each subcategory Γni is invariant under
the action of Σn. Then Σn acts on K
n
i and so on 2
n
i . Let
2˜
n
i (f) = colim Σn2
n
i (f)
for each index i. Obviously, 2˜n0 (f) = Sym
n(X) and 2˜nn(f) = Sym
n(Y ), and for each
index i we have a universal morphism between colimits
2˜
n
i−1(f) −→ 2˜
n
i (f) .
Sometimes we will drop the morphism f from the notation writing
2˜
n
i = colim Σn2
n
i ,
2˜
n
i−1 −→ 2˜
n
i−1 ,
etc.
In new notation, the axiom (A1) of a monoidal model category says, in particular,
that for any cofibration f : X → Y in C the push-out product
f22 : 221(f) −→ Y ∧ Y
is also a cofibration in C . By associativity, it implies that the morphism
f2n : 2nn−1(f) −→ Y
∧n
is a cofibration in C for any natural n, not only for n = 2. It doesn’t mean, of course,
that the Σn-equivariant morphism f
2n is a cofibration in C Σn . A morphism f :
X → Y in C is said to be a symmetrizable (trivial) cofibration if the corresponding
morphism
f 2˜n : 2˜nn−1(f) −→ Sym
n(Y )
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is a (trivial) cofibration for any integer n ≥ 1. A symmetrizable (trivial) cofibration
f is itself a (trivial) cofibration because 2˜10(f)→ Sym
1(Y ) is nothing but the original
morphism f .
Notice that symmetrizability of (trivial) cofibrations is not always the case. Exam-
ple 2 shows that trivial cofibrations are not symmetrizable in the category Kom(Z).
As we will show later, see Remark 53, cofibrations are not symmetrizable for spectra
over simplicial sets.
Remark 3. If f : X → Y is a symmetrizable (trivial) cofibration in C it is not
necessarily true that the Σn-equivariant morphism f
2n is a cofibration in C Σn . For-
mally, it would also make sense to say that f is a strongly symmetrizable (trivial)
cofibration if f2n is a (trivial) cofibration in C Σn . However, such defined strongly
symmetrizable cofibrations are not of much use to us because, as the following ex-
ample shows, they do not occur even in topology.
Example 4. Let C be the model category of simplicial sets ∆opSets. According to
our notation, ∧ in this C stands for the usual Cartesian product of simplicial sets.
Let EΣn be the contractible simplicial set with (EΣn)i = Σ
×i
n , and the diagonal
action of Σn. The morphism f : ∅ → X is a cofibration for any simplicial set X .
Then the morphism f 2˜n from ∅ to Symn(X) is also a cofibration, for any n ≥ 1.
However, the morphism f2n from ∅ to X∧n is not a cofibration in C Σn . The reason
is in fixed points of X∧n given by the diagonal map from X to X∧n. Fixed points
have the effect that there are no Σn-morphisms from X
∧n to EΣn ∧ X
∧n, as Σn
acts term-wise freely on the simplicial set EΣn ∧X
∧n. It follows that the morphism
f2n does not have a Σn-left lifting property with respect to the trivial fibration
EΣn ∧ X
∧n → X∧n in C Σn and the identity map from X∧n to itself. A similar
argument applies in many other cases, for example, for pointed simplicial sets and
motivic spaces.
Symmetrizable cofibrations have their own disadvantages. Namely, they do serve
unstable homotopy categories, but do not work in stable homotopy theories, since
cofibrations between spectra are typically not symmetrizable, see Remark 53 below.
This is why we shall give a better definition, which will serve all the needs relevant
to symmetric powers in stable categories.
Let C be a closed symmetric monoidal model category, let D be a cofibrantly
generated model category, and let F : C → D be a functor from C to D . Then F
induces a functor from C G to DG, which will be denoted by the same symbol F .
A finite collection {n1, . . . , nl} of non-negative integers will be called a multidegree.
A class of morphisms M in C will be called a symmetrizable class of (trivial) F -
cofibrations in C if for any finite collection {f1, . . . , fl} of morphisms in the class M
and any multidegree {n1, . . . , nl} the morphism
F (f 2˜n11 2 . . .2f
2˜nl
l )
is a (trivial) cofibration in the model category D . Respectively, the class M will
be called a strongly symmetrizable class of (trivial) F -cofibrations in C if for any
finite collection {f1, . . . , fl} of morphisms in M and any multidegree {n1, . . . , nl}
the morphism
F (f2n11 2 . . .2f
2nl
l )
is a (trivial) cofibration in the model category DΣn1×···×Σnl .
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Notice that if D = C and F is the identity functor, then M is a (strongly)
symmetrizable class of (trivial) Id-cofibrations if and only ifM consists of (strongly)
symmetrizable (trivial) cofibrations in C . The case l > 1 is essential when F is not
monoidal. This will hold in the applications to symmetric spectra in Section 9.
Let now λ be an ordinal and let X be a functor from λ to a model category C
preserving colimits (although λ is not necessarily cocomplete). To shorten notation,
for any ordinal α < λ let Xα be the object X(α), and for any two ordinals α and β,
such that α ≤ β < λ, let fβ,α = X(α ≤ β). Let also X∞ = colim (X) and, for any
ordinal α < λ, let f∞,α : Xα → X∞ be the canonical morphism into colimit. Since
the set of objects in λ has the minimal object 0, we have the canonical morphism
f∞ : X0 → X∞, which is called a transfinite composition induced by the functor X .
If M is a class of morphisms in the category C and fα+1,α is from M for any
ordinal α, such that α + 1 < λ, then we say that f∞ : X0 → X∞ is a transfinite
composition of morphisms from M .
Theorem 5. Let C be a cofibrantly generated closed symmetric monoidal model
category, F : C → D be a functor from C to a cofibrantly generated model category
D commuting with colimits, and let M be a class of morphisms in C . Then the
property of M to be a (strongly) symmetrizable class of (trivial) F -cofibrations is
stable under the addition to M of
(A) a push-out of a morphism from M ;
(B) a retract of a morphism from M ;
(C) a composition g ◦ f , where f and g are two composable morphisms from M ;
(D) a transfinite composition f∞ : X0 → X∞ induced by a functor X : λ → C ,
where λ is an ordinal, X commutes with colimits, and for any α < λ, such
that α + 1 < λ, the morphism fα+1,α : Xα → Xα+1 belongs to the class M .
Remark 6. Item (C) can be considered as a particular case of item (D). The cate-
gory D is required to be cofibrantly generated merely to have a model structure on
the category DΣn .
The proof of Theorem 5 occupies the next section of the paper. Now we discuss its
consequences. Suppose C is cofibrantly generated by a set of generating cofibrations
I and a set of generating trivial cofibrations J .
Corollary 7. If I is a (strongly) symmetrizable set of F -cofibrations, then the
class of all cofibrations in C is a (strongly) symmetrizable class of F -cofibrations.
Similarly, if J is a (strongly) symmetrizable set of trivial F -cofibrations, then the
class of all trivial cofibrations in C is a (strongly) symmetrizable class of trivial
F -cofibrations.
Proof. By Theorem 5, the class of retracts of relative I-cell complexes is a (strongly)
symmetrizable class of F -cofibrations. On the other hand, this class coincides with
all cofibrations in C . Similar argument applies to trivial cofibrations. 
Applying Corollary 7 to a cofibration ∅ → X we obtain two more corollaries.
Corollary 8. Suppose all morphisms in I are symmetrizable. Then any symmetric
power Symn(X) of a cofibrant object X in C is cofibrant.
Corollary 9. If I is a strongly symmetrizable set of F -cofibrations, then for any
cofibrant object X in C we have that F (X∧n) is a cofibrant object in DΣn.
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For short, by abuse of notation, throughout the text we will say that I is sym-
metrizable if it consists of symmetrizable cofibrations, and that J is symmetrizable
if it consists of symmetrizable trivial cofibrations.
Finally, we compare the pointed v.s. unpointed cases of our setup. Assuming
the terminal object ∗ is the monoidal unit and cofibrant in C , the pointed category
C∗ = ∗ ↓ C inherits the monoidal model structure by Proposition 4.2.9 in [7].
Lemma 10. Let f be a morphism in C∗, which is a symmetrizable (trivial) cofi-
bration as a morphism in C . Then f is a symmetrizable (trivial) cofibration as a
morphism in C∗.
Proof. This follows from the fact that f2n in C∗ is a push-out of f
2n in C .
4. The proof of Theorem 5
First we collect some technical lemmas needed in proving the theorem. If f : X →
Y is a morphism in C and there exists a push-out square
X ′
f ′

// X
f

Y ′ // Y
then sometimes we will write
f = psht(f ′) ,
not specifying the horizontal morphisms of the square.
Lemma 11. Let f = psht(f ′), e : A→ B a morphism in C and let
d : 2(f ′, e) −→ 2(f, e)
be the universal morphism between two colimits induced by the push-out square above.
Then the commutative square
2(f ′, e)
f ′2e

d
// 2(f, e)
f2e

Y ′ ∧ B // Y ∧ B
is push-out, i.e. psht(f ′)2e = psht(f ′2e).
Proof. As ∧-multiplication is adjoint from the left and so it commutes with colimits,
the commutative squares
X ′ ∧A
f ′∧id

// X ∧A
f∧id

Y ′ ∧ A // Y ∧A
X ′ ∧ B
f ′∧id

// X ∧B
f∧id

Y ′ ∧ B // Y ∧B
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are push-out. The morphism e induces a morphism from the left push-out square to
the right one. This and the universal property of the colimits 2(f ′, e) and 2(f, e)
allow to show that the commutative square in question is push-out.
Lemma 12. Let f1, . . . , fn be a collection of morphisms in C . Then we have
psht(f1)2 . . .2psht(fn) = psht(f12 . . .2fn) .
Proof. Use Lemma 11 and associativity of the 2-product. 
Let G be a finite group and let H be a subgroup in it. The natural restriction
resGH : C
G → CH has left adjoint functor corGH : C
H → C G, such that (corGH , res
G
H) is
a Quillen adjunction, see Theorem 11.9.4 in [5]. Recall that corGH(X) ≃ (G×X)/H
and corGH(X)/G ≃ X/H .
Lemma 13. Let X
f
→ Y
g
→ Z be two composable morphisms in C , and let n be a
positive integer. Then the morphism (gf)2n : 2nn−1(gf)→ Z
∧n is a composition
g2n ◦ psht(corΣnΣn−1×Σ1(g
2(n−1)
2f)) ◦ · · · ◦ psht(corΣnΣ1×Σn−1(g2f
2(n−1))) ◦ psht(f2n) ,
where Σi × Σn−i is canonically embedded into Σn for each i, and psht(f
2n) is a
push-out of f2n with respect to the universal morphism 2nn−1(f)→ 2
n
n−1(gf).
Proof. Let J be the category 0→ 1→ 2. A pair of subsequent morphisms f : X →
Y and g : Y → Z in C can be considered as a functor K(f, g) : J → C from J to C .
Let Jn and C n be the Cartesian n-th powers of the categories J and C respectively,
and let Kn(f, g) : Jn → C be the composition of the n-th Cartesian power of the
functor K(f, g) and the n-th monoidal product ∧ : C n → C . In particular, Kn(f, g)
is a commutative diagram in C , whose vertices are monoidal products of the three
objects X , Y and Z. Notice that the order of the factors is important here.
For short, let Kn = Kn(f, g), and consider a subdiagram L in Kn generated by
the vertices containing at least one factor X , and for any index i ∈ {0, 1, . . . , n} let
Kni be a subdiagram in K
n generated by vertices containing ≤ i factors Z. Let also
Li = L ∪K
n
i and put L−1 = L. Then we have a filtration
L−1 ⊂ L0 ⊂ L1 ⊂ L2 ⊂ · · · ⊂ Ln = K
n
and, respectively, a chain of morphisms between colimits
colim (L−1)→ colim (L0)→ colim (L1)→ · · · → colim (K
n) ,
whose composition is nothing but (gf)2n.
For any 0 ≤ i ≤ n the object 2(g2i, f2(n−i)) is a colimit of a subdiagram in Li−1,
so that one has a universal morphism from 2(g2i, f2(n−i)) to colim (Li−1). Since
Z∧i ∧ Y ∧(n−i) is a vertex in the diagram Li, we have a morphism from Z
∧i ∧ Y ∧(n−i)
to colim (Li). Finally, we have a standard morphism g
2i
2f2(n−i) : 2(g2i, f2(n−i))→
Z∧i ∧ Y ∧(n−i). Collecting these morphisms together we get a commutative diagram
2(g2i, f2(n−i))

// Z∧i ∧ Y ∧(n−i)

colim (Li−1) // colim (Li)
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This is a Σi×Σn−i-equivariant commutative diagram, which yields a Σn-equivariant
commutative diagram
corΣnΣi×Σn−i(2(g
2i, f2(n−i)))

// corΣnΣi×Σn−i(Z
∧i ∧ Y ∧(n−i))

colim (Li−1) // colim (Li)
Straightforward verification shows that this is a push-out square.
Lemma 14. For any three morphisms X
f
→ Y
g
→ Z and A
e
→ B in C we have that
(gf)2e = (g2e) ◦ κ ,
where κ : 2(gf, e) → 2(g, e) is a universal morphism between colimits and the
square
2(f, e)
f2e

// 2(gf, e)
κ

Y ∧ V // 2(g, e)
is push-out, i.e. we have (gf)2e = (g2e) ◦ psht(f2e).
Proof. The top horizontal morphism 2(f, e) → 2(gf, e) in the above diagram is
also a universal morphism between colimits. The proof of the lemma then follows
from the appropriate commutative diagrams for the products f2e, gf2e and g2e
involved into the lemma.
Lemma 15. Let X1
f1
→ X2
f2
→ · · ·
fn
→ Xn+1 and e : A → B be morphisms in C .
Then one has
(fn ◦ · · · ◦ f1)2e = (fn2e) ◦ psht(fn−12e) ◦ · · · ◦ psht(f12e) .
Proof. Use induction by n. If n = 2 then the lemma is just Lemma 14. For the
inductive step,
(fn ◦ · · · ◦ f1)2h = (fn ◦ (fn−1 ◦ · · · ◦ f1))2h =
(fn2h) ◦ psht((fn−1 ◦ · · · ◦ f1)2h) ,
where the last equality is provided by Lemma 14 too.
Lemma 16. Let G and G′ be two finite groups, let H be a subgroup in G and H ′
be a subgroup in G′. Let also f : X → Y and f ′ : X ′ → Y ′ be two morphisms in C .
Then
corGH(f)2cor
G′
H′(f
′) = corG×G
′
H×H′(f2f
′) .
Proof. The lemma holds true because ∧-multiplication commutes with colimits and
the order of counting colimits is not important.
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Lemma 17. Let λ be an ordinal. For any two functors X and Y from λ to C , not
necessarily preserving colimits, one has
colim α<λ(Xα ∧ Yα) = (colim α<λXα) ∧ (colim β<λYβ)
Proof. Indeed, as the monoidal product ∧ in C is closed, smashing with an object
commutes with colimits. This is why
(colim α<λXα) ∧ (colim β<λYβ) = colim α<λ(Xα ∧ colim β<λYβ) =
= colim α<λcolim β<λ(Xα ∧ Yβ) .
Since all arrows in the diagram X ∧ Y are targeted towards the diagonal objects
Xα ∧ Yα, the last colimit is the colimit of these diagonal objects Xα ∧ Yα.
Let now λ be an ordinal and let X be a colimit-preserving functor from the
ordinal λ to the category C . For any two ordinals α and β, such that α ≤ β < λ, let
2
n
n−1(fα,0) → 2
n
n−1(fβ,0) be the universal morphism from Lemma 13 being applied
to the composition fβ,0 = fβ,α ◦ fα,0. Similarly, let 2
n
n−1(fα,0) → 2
n
n−1(f∞) be the
universal morphism from Lemma 13 applied to the composition f∞ = f∞,α ◦ fα,0.
It is not hard to verify that the collection of objects 2nn−1(fα,0) and morphisms
2
n
n−1(fα,0)→ 2
n
n−1(fβ,0) gives a functor from λ to C .
Lemma 18. In the above terms,
2
n
n−1(f∞) = colim α<λ2
n
n−1(fα,0) ,
X∧n∞ = colim α<λX
∧n
α ,
and the square
2
n
n−1(fα,0)
f2nα,0

// 2
n
n−1(f∞)
f2n
∞

X∧nα // X
∧n
∞
is commutative for any α, i.e.
f2n∞ = colim α<λ(f
2n
α,0) .
Proof. By Lemma 17,
Kni (f∞) = colim α<λK
n
i (fα,0)
for any index i, where the colimit is taken in the category of functors from subcat-
egories in In to C . It implies the following computation:
2
n
i (f∞) = colimK
n
i (f∞) = colim (colim α<λK
n
i (fα,0)) =
= colim α<λ(colimK
n
i (fα,0)) = colim α<λ2
n
i (fα,0) .
In particular,
2
n
n−1(f∞) = colim α<λ2
n
n−1(fα,0) ,
Xn∞ = 2
n
n(f∞) = colim α<λ2
n
n(fα,0) = colim α<λX
n
α ,
and both isomorphisms are connected by the corresponding commutative square.
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Lemma 19. Let E be a model category and let λ be an ordinal. Let
U, V : λ // // E
be two functors from λ to E , both commuting with colimits, and let
ψ : U → V
be a natural transformation. For any ordinal α < λ, such that α + 1 < λ, let
Uα
ψα

// Uα+1

Vα // Wα
be a push-out square, and let hα be a universal morphism from the colimit Wα to
Vα+1. Assume that for any α < λ, such that α + 1 < λ, the morphism hα and the
morphism ψ0 are cofibrations in E . Then the universal morphism
colim (ψ) : colim (U)→ colim (V )
is also a cofibration in E .
Proof. For any ordinal α < λ, such that α + 1 < λ, let Dα be the diagram
U0 //

U1 //

... // Uα //

Uα+1 // ... // colim (U)
V0 // V1 // ... // Vα
Let also D−1 be the diagram
U0 → U1 → · · · → Uα → · · · → colim (U) ,
and let Dλ be the diagram
U0 //

U1 //

... // Uα //

Uα+1 //

... // colim (U)

V0 // V1 // ... // Vα // Vα+1 // ... // colim (V )
Let now Sα = colim (Dα), S−1 = colim (D−1) = colim (U) and Sλ = colim (Dλ) =
colim (V ). One has a transfinite filtration of diagrams
D−1 ⊂ D0 ⊂ D1 ⊂ · · · ⊂ Dα ⊂ Dα+1 ⊂ · · · ⊂ Dλ .
Respectively, we have a decomposition of the morphism colim (ψ) into a transfinite
composition
colim (U) = S−1 → S0 → S1 → · · · → Sα → Sα+1 → · · · → Sλ = colim (V ) .
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For any α < λ, such that α + 1 < λ, the square
Wα

hα
// Vα+1

Sα // Sα+1
is push-out. Since our input is that all hα and ψ0 are cofibrations, we get that
the morphism colim (ψ) is a transfinite composition of cofibrations in E . Since a
transfinite composition of cofibrations is a cofibration, the lemma is proved.
Now we are ready to give the proof of Theorem 5. We will only consider the strong
symmetrizability case. The symmetrizability assertion then follows by applying in
addition the colimit under the action of the symmetric group.
Let f ′, f2, . . . , fl be l morphisms in M and let f be a push-out of f
′. To prove
(A) we need to show that the morphism F (f2n2f2n22 2 . . .2f
2nl
l ) is a cofibration in
the category DΣn×Σn2×···×Σnl for any multidegree {n, n2, . . . , nl}.
By Lemma 12, f2n2f2n22 2 . . .2f
2nl
l is a push-out of f
′2n
2f2n12 2 . . .2f
2nl
l . Since
F commutes with colimits, the morphism F (f2n2f2n22 2 . . .2f
2nl
l ) is a push-out of
F (f ′2n2f2n12 2 . . .2f
2nl
l ). Since the latest morphism is a cofibration inD
Σn×Σn2×···×Σnl ,
the morphism F (f2n2f2n22 2 . . .2f
2nl
l ) is a cofibration too. So, (A) is done.
To prove (B) we just notice that a retract of a cofibration is a cofibration, and
retraction is a categoric property coomuting with colimits. This gives (B).
Let f, g, f2, . . . , fl be l + 1 morphisms in M , where f and g are composable. To
prove (C) we need to show that for any multidegree {n, n2, . . . , nl} the morphism
F ((gf)2n2f2n22 2 . . .2f
2nl
l ) is a cofibration in D
Σn×Σn2×···×Σnl .
By Lemma 13 we have that (gf)2n is a composition of push-outs of the morphisms
corΣnΣi×Σn−i(g
2i
2f2(n−i)) for i = 0, 1, . . . , n. By Lemma 15 and Lemma 12, the mor-
phism (gf)2n2f2n22 2 . . .2f
2nl
l is a composition of push-outs of the morphisms
corΣnΣi×Σn−i(g
2i
2f2(n−i))2f2n22 2 . . .2f
2nl
l .
By Lemma 16, the latest morphism can be also viewed as the morphism
cor
Σn×Σn2×···×Σnl
Σi×Σn−i×Σn2×···×Σnl
(g2i2f2(n−i)2f2n22 2 . . .2f
2nl
l ) .
Since any cor is a colimit and the functor F commutes with colimits, the morphism
F ((gf)2n2f2n22 2 . . .2f
2nl
l ) is a composition of push-outs of morphisms of type
cor
Σn×Σn2×···×Σnl
Σi×Σn−i×Σn2×···×Σnl
(F (g2i2f2(n−i)2f2n22 2 . . .2f
2nl
l )) .
Since the morphisms f, g, f2, . . . , fl are taken from the class M , every morphism
F (g2i2f2(n−i)2f2n22 2 . . .2f
2nl
l ) is a cofibration in the categoryD
Σn−i×Σi×Σn2×···×Σnl .
As corGH is a left Quillen functor for any group G and a subgroup H in it, we obtain
that F ((gf)2n2f2n22 2 . . .2f
2nl
l ) is a cofibration in the category D
Σn×Σn2×···×Σnl .
Now we prove (D). For any ordinal λ let D(λ) be the property (D) in the statement
of the theorem being considered for this ordinal λ. We need to show D(λ) for any
ordinal λ. To do that we are going to apply the method of transfinite induction.
Namely, suppose that for any ordinal α < λ the property D(α) is satisfied. We will
show that this assumption implies that D(λ) holds true.
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Consider a finite collection f2, . . . , fl of morphisms in M . We need to show that
for any positive integers n, n2, . . . , nl the morphism F (f
2n
∞ 2f
2n2
2 2 . . .2f
2nl
l ) is a
cofibration in the category DΣn×Σn2×···×Σnl . If, for short, we denote the morphism
f2n22 2 . . .2f
2nl
l by e : A→ B then we need to show that for any positive integer n
the morphism F (f2n∞ 2e) is a cofibration in D
Σn×Σn2×···×Σnl .
Our strategy is to apply Lemma 19 to the category E = DΣn×Σn2×···×Σnl , the
functors U = F (2(f2nα,0, e)), V = F (X
∧n
α ∧ B), and the natural transformation ψ =
F (f2nα,02e). First we show that colim (ψ) is nothing but the morphism F (f
2n
∞ 2e).
This is provided by Lemma 18, which says that f2n∞ = colim (f
2n
α,0), the commu-
tativity of the functor F with colimits, and the obvious fact that the right 2-
multiplication is colimit-commutative too:
colim (ψ) = colimF (f2nα,02e) =
F (colim (f2nα,02e)) = F (colim (f
2n
α,0)2e) = F (f
2n
∞ 2e) .
Next, we have that
ψ0 = F (f
2n
0,0 2e) = F (idX∧n2e) = F (idX∧n∧B) = idF (X∧n∧B)
is a cofibration in DΣn×Σn2×···×Σnl . In order to apply Lemma 19 it remains only to
show that the universal morphisms hα are cofibrations in D
Σn×Σn2×···×Σnl . We give
an explicit description of hα.
Let rα be a push-out of the morphism f
2n
α,0 with respect to the universal mor-
phism between colimits 2nn−1(fα,0) → 2
n
n−1(fα+1,0). Applying Lemma 11 to the
corresponding push-out square and the morphism e : A → B we get a push-out
square
2(f2nα,0, e)
f2nα,02e

// 2(rα, e)
rα2e

X∧nα ∧ B // Rα ∧ B
Let furthermore sα be the universal morphism from the colimit Rα into the wedge-
power X∧nα+1, so that f
2n
α+1,0 = sα ◦ rα. Applying Lemma 14 to this composition and
the morphism e : A→ B, we obtain yet another push-out square
2(rα, e)
rα2e

// 2(f2nα+1,0, e)
κα

Rα ∧B // 2(sα, e)
Composing these two push-out squares we obtain that
f2nα+1,02e = (sα2e) ◦ κα .
This proves that Wα from Lemma 19 equals F (2(sα, e)) and hα equals F (sα2e)
since F commutes with colimits.
By Lemma 13, the morphism sα is the composition
f2nα+1,α ◦ psht(cor
Σn
Σn−1×Σ1
(f
2(n−1)
α+1,α 2fα,0)) ◦ · · · ◦ psht(cor
Σn
Σ1×Σn−1
(fα+1,α2f
2(n−1)
α,0 )) .
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By Lemma 15 the morphism sα2e is the composition of push-outs of the morphisms
psht(corΣnΣi×Σn−i(f
2i
α+1,α2f
2(n−i)
α,0 ))2e ,
where 0 = 1, . . . , n− 1. By Lemma 11,
psht(corΣnΣi×Σn−i(f
2i
α+1,α2f
2(n−i)
α,0 ))2e = psht(cor
Σn
Σi×Σn−i
(f2iα+1,α2f
2(n−i)
α,0 )2e) .
Since e = f2n22 2 . . .2f
2nl
l , by Lemma 16 we have that
psht(corΣnΣi×Σn−i(f
2i
α+1,α2f
2(n−i)
α,0 ))2e =
cor
Σn×Σn2×···×Σnl
Σi×Σn−i×Σn2×···×Σnl
(f2iα+1,α2f
2(n−i)
α,0 2f
2n2
2 2 . . .2f
2nl
l ) .
Since F commutes with colimits, it follows that for any ordinal α, such that α+1 < λ,
the morphism hα is a composition of push-outs of the morphisms
F (f2iα+1,α2f
2(n−i)
α,0 2f
2n2
2 2 . . .2f
2nl
l ) ,
where i = 0, . . . , n − 1. By the inductive hypothesis, any such morphism is a
cofibration. Then hα is a cofibration too. As we have shown above, F (f
2n
∞ 2e) =
colim (ψ). By Lemma 19, this morphism is a cofibration in DΣn×Σn2×···×Σnl . This
finishes the proof of Theorem 5.
5. Ku¨nneth towers for cofibre sequences
Here we prove the existence of special towers of cofibrations connecting symmetric
powers in cofibre sequences via the Ku¨nneth rule, provided (trivial) cofibrations are
symmetrizable, Theorem 20. This suggests to introduce the concept of a categorified
λ-structure in C andHo(C ). Using the results from Section 3, we prove the existence
of the λ-structure of left derived symmetric powers provided symmetrizability of
generating (trivial) cofibrations in C , Theorem 22 and Corollary 24. An application
to categorical finite-dimensionality (with coefficients in Z) is given in Corollary 25.
In a model category D , if X → Y is a cofibration, then let Y/X be the colimit of
the diagram Y ← X → ∗, and if X and Y are cofibrant, then X → Y → Y/X is a
cofibre sequence in D .
Theorem 20. Let C be a closed symmetric monoidal model category, and let X
f
→
Y → Z be a cofibre sequence in C . Then, for any two natural numbers n and i,
i ≤ n, there is a cofibration 2ni−1(f)→ 2
n
i (f) and a Σn-equivariant isomorphism
2
n
i /2
n
i−1 ≃ cor
Σn
Σn−i×Σi
(X∧(n−i) ∧ Z∧i)
in C . If f is a symmetrizable cofibration and all symmetric powers Symi(X) are
cofibrant, then the morphism 2˜ni−1(f)→ 2˜
n
i (f), obtained by passing to the colimit of
the action of the symmetric group Σn, is a cofibration, and 2˜
n
i /2˜
n
i−1 can be computed
by Ku¨nneth’s rule,
2˜
n
i /2˜
n
i−1 ≃ Sym
n−i(X) ∧ Symi(Z) .
If f is a symmetrizable trivial cofibration, then all the cofibrations 2˜ni−1(f)→ 2˜
n
i (f)
are trivial cofibrations.
Proof. The proof is similar to the proof of Lemma 13. For any 0 ≤ i ≤ n the diagram
X∧(n−i) ∧Kii−1(f) is a subdiagram in K
n
i−1(f). Since the wedge product commutes
with colimits, we obtain a universal morphism from X∧(n−i) ∧ 2ii−1(f) to 2
n
i−1(f).
Since X∧(n−i) ∧ Y ∧i is a vertex in the diagram Kni (f), we have a morphism from
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X∧(n−i)∧Y ∧i to 2ni (f). Finally, we have a standard morphism X
∧(n−i)∧2ii−1(f)→
X∧(n−i) ∧ Y ∧i. Collecting these morphisms together we get a commutative diagram
X∧(n−i) ∧2ii−1(f)

// X∧(n−i) ∧ Y ∧i

2
n
i−1(f)
// 2
n
i (f)
This is a Σn−i×Σi-equivariant commutative diagram, which yields a Σn-equivariant
commutative diagram
corΣnΣn−i×Σi(X
∧(n−i) ∧2ii−1(f))

// corΣnΣn−i×Σi(X
∧(n−i) ∧ Y ∧i)

2
n
i−1(f) // 2
n
i (f)
Straightforward verification shows that this is a push-out square.
By an axiom of a closed symmetric monoidal model category, the morphism
2
i
i−1(f)→ Y
∧i is a cofibration and we have
Y ∧i/2ii−1(f) ≃ Z
∧i .
By the same axiom, the functor X∧(n−i) ∧ − commutes with colimits and preserves
cofibrations in C as the object X is cofibrant. Also the same is true for the functor
cor, because this is a bouquet in the category C . This implies the needed statements
about 2ni (f).
Now suppose that f is a symmetrizable (trivial) cofibration. Recall that taking a
quotient over Σn commutes with colimits being a left adjoint functor. This gives a
push-out square
Symn−i(X) ∧ 2˜ii−1(f)

// Symn−i(X) ∧ Symi(Y )

2˜
n
i−1(f) // 2˜
n
i (f)
The symmetric power Symn−i(X) is cofibrant by assumption. The morphism 2˜ii−1(f) −→
Symi(Y ) is a (trivial) cofibration by assumption. Therefore the top morphism is a
(trivial) cofibration. This finishes the proof.
Corollary 21. Let f be a cofibration between cofibrant objects in C . Suppose that f
is a symmetrizable cofibration, and all symmetric powers Symn(X) are cofibrant in
C . Then f is a symmetrizable trivial cofibration if and only if Symn(f) is a trivial
cofibration for all n ≥ 0.
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Proof. Consider the sequence of cofibrations
Symn(X) = 2˜n0 (f)→ 2˜
n
1 (f)→ · · · → 2˜
n
i (f)→ · · · → 2˜
n
n(f) = Sym
n(Y )
provided by Theorem 20. The composition of all the cofibrations in that chain is
Symn(f). If f is a symmetrizable trivial cofibration then each cofibration
2˜
n
i (g) −→ 2˜
n
i+1(f)
is a trivial cofibration by Theorem 20. Then so is Symn(f). Conversely, suppose
Symn(f) is a trivial cofibration for any n ≥ 0. Let’s prove by induction on n that the
morphism 2˜nn−1(f)→ Sym
n(Y ) is a trivial cofibration, i.e. that f is a symmetrizable
trivial cofibration. The base of induction, n = 1, is obvious. To make the inductive
step we observe that in proving Theorem 20 we deduce that 2˜ni−1(f) → 2˜
n
i (f) is a
trivial cofibration by only using that 2˜ii−1(f)→ Sym
i(Y ) is a trivial cofibration for
i < n. But the last condition holds by the induction hypothesis. Thus, all morphisms
2˜
n
i−1(f)→ 2˜
n
i (f), 1 ≤ i ≤ n−1, are trivial cofibrations. Then 2˜
n
n−1(f)→ Sym
n(Y )
is a weak equivalence by 2-out-of-3 property for weak equivalences. Finally, by the
assumption of the lemma, 2˜nn−1(f) → Sym
n(Y ) is a cofibration, and so a trivial
cofibration.
For any closed symmetric monoidal model category C with monoidal unit 1, a
λ-structure on C is a sequence Λ of endofunctors Λn : C → C , n = 0, 1, 2, . . . , such
that (i) Λ0 = 1, Λ1 = Id, (ii) Λn(∅) = ∅ for all n ≥ 1, (iii) to each cofibre sequence
X → Y → Z in C and any n there is associated a unique sequence of cofibrations
between cofibrant objects
Λn(X) = Ln0 → L
n
1 → · · · → L
n
i → · · · → L
n
n = Λ
n(Y ) ,
called Ku¨nneth tower, such that for each index 0 ≤ i ≤ n one has isomorphisms
Lni /L
n
i−1 ≃ Λ
n−i(X) ∧ Λi(Z) ,
and (iv) such towers are functorial in cofibre sequences in the obvious sense. In
particular, the endofunctors Λn preserve cofibrant objects in C . In these terms,
Theorem 20 says that if cofibrations in C are symmetrizable, then symmetric pow-
ers yield a specific λ-structure in C . We will call it the canonical λ-structure of
symmetric powers in C .
A cofibre sequence in Ho(C ) is a sequence of two composable morphisms, which is
isomorphic to a sequence coming from a cofibre sequence in C via the functor from
C to Ho(C ). A similar definition of a λ-structure can be then given also in Ho(C ).
If Λ∗ is a λ-structure on C such that Λn takes trivial cofibrations between cofibrant
objects into weak equivalences, then by Ken Brown’s lemma the left derived functors
LΛn exist, and their collection gives a λ-structure in Ho(C ). Combining this with
Corollary 21, we obtain the following important result.
Theorem 22. Let C be a closed symmetric monoidal model category, such that
all cofibrations are symmetrizable, and all trivial cofibrations between cofibrant ob-
jects are symmetrizable in C . Then symmetric powers Symn take weak equivalences
between cofibrant objects to weak equivalences, and the canonical λ-structure of sym-
metric powers in C induces the λ-structure of left derived symmetric powers LSymn
in Ho(C ).
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Remark 23. Let C be a closed symmetric monoidal model category cofibrantly
generated by a set of generating cofibrations I and a set of generating trivial cofi-
brations J . Suppose I and J are both symmetrizable. Then by Corollaries 7 and 8,
the conditions of Theorem 22 are satisfied.
Assume now that C is moreover pointed. According to [7], there is a well-defined
S1-suspension functor − ∧L S1 : T → T provided by a Ho(∆opSets∗)-module
structure on the homotopy category T = Ho(C ). If it is an autoequivalence on T
then T is triangulated, where the translation functor [1] is given by − ∧L S1 and
distinguished triangles come from cofibre sequences in C , see Chapter 7 in loc.cit.
Since C is closed symmetric monoidal, so is the triangulated category T , and the
functor C → T is monoidal as well, see Section 4.3, loc.cit. We will denote the
monoidal product in T also by ∧. A λ-structure in T = Ho(C ) associates Ku¨nneth
towers to distinguished triangles in Ho(C ) in the functorial way. Using Theorem 22
we obtain the following result.
Corollary 24. Let T be the homotopy category of a pointed closed symmetric mono-
idal model category C , so that T is triangulated. Assume, furthermore, that all
cofibrations are symmetrizable, and all trivial cofibrations between cofibrant objects
are symmetrizable in C . Then T inherits the canonical λ-structure of left derived
symmetric powers associated to distinguished triangles in T .
As a straightforward consequence of Corollary 24 we also get the following corol-
lary.
Corollary 25. Let T be as above, and let X
f
→ Y → Z → X [1] be a distinguished
triangle in T . If there exist natural numbers n′ and m′ such that LSymn(X) = 0
for all n ≥ n′ and LSymm(Z) = 0 for all m ≥ m′, then there exists N ′ such that
LSymN(Y ) = 0 for all N ≥ N ′.
6. Localization of symmetric powers
Our main result in this section is a necessary and sufficient condition for trivial
cofibrations to remain symmetrizable after Bousfield localization of C with respect
to a set of morphism S, Theorem 30. This will be applied to the localization by an
abstract interval in Section 7.
Let C be a left proper cellular model category, and denote the model structure in
C by M . Recall that left properness means that the push-out of a weak equivalence
along a cofibration is a weak equivalence. Cellularity means that C is cofibrantly
generated by a set of generating cofibrations I and a set of trivial generating cofibra-
tions J , the domains and codomains of morphisms in I are all compact relative to
I, the domains of morphisms in J are all small relative to the cofibrations, and cofi-
brations are effective monomorphisms. Further details about the notions engaged
here can be found in [7], [8] or [5]. Let S be a set of morphisms in C . Recall that
an object Z in C is called S-local if it is fibrant, and for any morphism f : A→ B
in S the morphism between function complexes
map(f, Z) : map(B,Z) −→ map(A,Z)
is a weak equivalence in ∆opSets. The description of the bi-functor map(−,−) can
be found, for example, in Chapter 5 of [7]. A morphism g : X → Y in C is called
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an S-local equivalence if
map(g, Z) : map(Y, Z) −→ map(X,Z)
is a weak equivalence in ∆opSets for any S-local object Z in C . Since map(−,−)
is a homotopic invariant, each weak equivalence is an S-local equivalence in C .
By the main result in [5], under the above assumptions there exists a new left
proper cellular model structure MS on C whose cofibrations remain unchanged and
new weak equivalences WS are exactly S-local equivalences in C . The new model
structure is cofibrantly generated by the set of generating cofibrations I and a new
set of generating trivial cofibrations JS, and it is called a (left) Bousfield localization
of M with respect to S. The symbol CS will be used to denote the same category C ,
endowed with the new model structure MS. Then CS is a (left) Bousfield localization
of C with respect to S.
Let F : C → D be a left Quillen functor such that F (Q(f)) is a weak equivalence
for any f ∈ S, where Q denotes the cofibrant replacement functor in the model
structure M . Then F is still left Quillen with respect to the localized model struc-
ture MS and has a left derived with respect to MS, see Proposition 3.3.18(1) in [5].
Our main goal is to construct left derived symmetric powers for the localized model
category. Since symmetric powers do not admit right adjoints in general, and thus
are not left Quillen, we need to strengthen the above result.
Given a functor F : C → D to a model category, we say that a morphism g in
C is F -acyclic if g is a cofibration between cofibrant objects in C and F (g) is a
weak equivalence in D . Obviously, given composable cofibrations between cofibrant
objects, their F -acyclicity has 2-out-of-3 property. By an S-local cofibration we
mean a cofibration which is an S-local equivalence in C .
Theorem 26. Let F : C → D be a functor to a model category such that all
trivial cofibrations between cofibrant objects in M are F -acyclic and F (Q(f)) is
a weak equivalence in D for any f ∈ S. In addition, suppose that F -acyclic
morphisms are closed under transfinite compositions and push-outs with respect to
morphisms to cofibrant objects. Then all S-local cofibrations between cofibrant ob-
jects are F -acyclic. In particular, by Ken Brown’s lemma, the left derived func-
tor LF : Ho(CS) → Ho(D) exists and commutes with the localization functor
Ho(C )→ Ho(CS).
To prove Theorem 26 we first need to prove an auxiliary result. Fix a left framing
on C , see Definition 5.2.7 in [7]. Thus, for each cofibrant object X one has the
functorial cofibrant replacement X∗ of the constant cosimplicial object given by X ,
with respect to the Reedy model structure on the category of cosimplicial objects
in C . The product X ∧K in C of X and a simplicial set K is then defined as the
product X∗ ∧K. For any morphism g in C , and a morphism i in ∆opSets, we have
their push-out product g2i. For a non-negative integer m let im : ∂∆[m] → ∆[m]
be the embedding of the boundary into the m-th simplex.
Lemma 27. Let F be as in Theorem 26. Then F -acyclic morphisms are closed
under taking products with simplicial sets generated by finitely many non-degenerate
simplices and push-out products with the embeddings im.
Proof. Let g : X → Y be an F -acyclic morphism in C , and let K be a simplicial set.
Let m be the maximal dimension of non-degenerated simplices in K, and n be the
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number of such simplices. We apply induction with respect to the lexicographical
order on the set of pairs (m,n). Represent K as a simplicial set obtained by gluing
an m-dimensional simplex to another simplicial set K ′ having one simplex less than
in K, i.e. i : K ′ → K is a push-out of im. By Corollary 5.4.4(1) in [7], the functor
X ∧ − is left Quillen. It follows that the morphism X = X ∧∆[0] → X ∧∆[m] is
a trivial cofibration between cofibrant objects, whence it is an F -acyclic morphism
by the assumption on F . Since the same is true for Y → Y ∧ ∆[m], we see that
the morphism X ∧ ∆[m] → Y ∧ ∆[m] is also F -acyclic by 2-out-of-3 property for
acyclicity. The morphism X ∧∆[m] → 2(g, im) is a push-out of g ∧ id∂∆[m]. Then
it is F -acyclic by the push-out property for acyclicity and the induction. Using
2-out-of-3 property once again, we conclude that g2im is F -acyclic. The obvious
commutative diagram
2(g, im)

// 2(g, i)

Y ∧∆[m] // Y ∧K
is a push-out square, and all objects in it are cofibrant. Then g∧ idK = psht(g2im)◦
psht(g ∧ idK ′). The induction and the push-out property finish the proof of the
lemma.
Using a standard transfinite composition argument and Lemma 27 one can also
show that F -acyclic morphisms are closed under products with arbitrary simpli-
cial sets and push-out products with arbitrary cofibrations between simplicial sets,
though we do not need this. Now we can prove Theorem 26.
Proof. By Ken Brown’s lemma and the assumption of the theorem, F sends weak
equivalences between cofibrant objects in C to weak equivalences in D . For any
morphism f : A→ B of S decompose Q(f) into a cofibration f ′ : Q(A)→ C and a
trivial fibration f ′′ : C → Q(B). Since f ′′ is a weak equivalence between cofibrant
objects in C , F (f ′′) is a weak equivalence. Let S ′ = {f ′|f ∈ S}. Then all morphisms
in S ′ are F -acyclic. Since MS = MS′, without loss of generality, one may assume
that all morphisms in S are F -acyclic.
Next, let g : X → Y be an S-local cofibration between cofibrant objects in C . Let
LS(g) : LS(X)→ LS(Y ) be the fibrant replacement of the morphism g with respect
to the localized model structure MS. Then LS(g) is a weak equivalence between
cofibrant objects in C , whence F (LS(g)) is a weak equivalence. This gives that the
theorem will be proved as soon as we prove that X → LS(X) is F -acyclic.
By Theorem 4.3.1 in [5], the morphism X → LS(X) is a relative Λ-cell complex,
where Λ consists of morphisms that are either trivial cofibrations between cofibrant
objects, or being composed with a weak equivalence between cofibrant objects are
equal to f2(∂∆[n]→ ∆[n]), where f runs S. By Lemma 27 and 2-out-of-3 property,
all morphisms in Λ are F -acyclic and the theorem is proved by the assumptions on F .
Now we need to investigate when the compatibility between the model and monoidal
structures is stable under localization. For that we will use the same idea as in the
proofs of Theorems 6.3 and 8.11 in [8]. Since now we assume that C is a closed
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symmetric monoidal left proper cellular model category cofibrantly generated by
the set of generating cofibrations I and the set of generating trivial cofibrations J ,
such that the domains and codomains of the cofibrations from I are cofibrant. Let
also Q be the cofibrant replacement in C , and so in CS.
Lemma 28. The model structure MS is compatible with the monoidal structure in
C if and only if for any X ∈ dom(I) ∪ codom(I) and for any f ∈ S the product
X ∧Q(f) is an S-local equivalence.
Proof. If MS is compatible with the monoidal structure in C , then X ∧ Q(f) is
an S-local equivalence by the axioms of a monoidal model category. Conversely, let
h : X → Y be a cofibration in I and let g : Z → U be an S-local cofibration in C .
By Corollary 4.2.5 in [7] all we need to show is that h2g is an S-local cofibration
in C . By Theorem 2.2 in [8], the functors X ∧ − and Y ∧ − are left Quillen with
respect to the localized model structure MS. This is because X ∧Q(f) is an S-local
equivalence for any f from S, and the same for Y ∧Q(f). Since X ∧− is left Quillen
and g : Z → U is an S-local cofibration, the morphism idX∧g : X∧Z → X∧U is an
S-local cofibration. Since trivial cofibrations are stable under pushouts, the pushout
Y ∧Z → 2(h, g) is an S-local cofibration too. The morphism idY ∧g : Y ∧Z → Y ∧U
is an S-local cofibration, because Y ∧− is left Quillen. Since idY ∧g is the composition
Y ∧Z → 2(h, g)
h2g
−→ Y ∧U , we obtain that h2g is an S-local equivalence. Moreover,
h2g is a cofibration since C monoidal model.
Remark 29. An analogous statement is true if one considers two model categories
C and D , such that C is closed monoidal and D is a C -module, see Definition 4.2.18
in [7].
Theorem 30. Let C and S be such that MS is compatible with the monoidal struc-
ture in C , and assume furthermore that all cofibrations are symmetrizable and all
trivial cofibrations between cofibrant objects are symmetrizable in C . Assume also
that for any f ∈ S and any natural n the morphism Symn(Q(f)) is an S-local equiv-
alence. Then all S-local cofibrations between cofibrant objects are symmetrizable in
CS . The left derived functors LSym
n exist on Ho(CS), and they commute with the
localization functor Ho(C )→ Ho(CS).
Proof. Let F be the composition of Symn and the localization functor C → CS (this
is just the identity functor considered as a functors between two different model
structures). Since cofibrations in C are symmetrizable, they are so in CS . By
Corollary 21 applied to CS , we see that trivial symmetrizable cofibrations between
cofibrant objects in CS are the same as F -acyclic morphisms in C . So, it is enough
to show that S-local cofibrations are F -acyclic.
By Theorem 5 applied to the category CS, F -acyclic morphisms are closed under
transfinite compositions and under push-outs with respect to morphisms to cofibrant
objects (actually, to treat transfinite compositions it is enough to use Lemma 17 and
Theorem 20). We conclude by Theorem 26.
7. Localization w.r.t. diagonalizable intervals
Let us consider more closely the important particular case of the left Bousfield lo-
calization contracting an object A into a point. If A is what we call a diagonalizable
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interval, then, using the results from Section 6, we prove that trivial cofibrations
(between cofibrant objects) remain symmetrizable in the localized category, The-
orem 38. As a consequence, we obtain that left derived symmetric powers exist
in the homotopy category of the localized category CS, provided we have them in
Ho(C ), see Corollary 39. This will be applied in Section 11 to the unstable motivic
homotopy theory, where A will be the affine line A1 over a base.
Let C be a closed symmetric monoidal left proper cellular model category C
cofibrantly generated by the set of generating cofibrations I and the set of generating
trivial cofibrations J , such that the domains and codomains of the cofibrations from
I are cofibrant. Let A be a cofibrant object, let π : A → 1 be a morphism in C ,
and let
S = {X ∧A
idX∧pi−→ X | X ∈ dom(I) ∪ codom(I)} .
For any morphism f : X → Y and any object Z in C the morphism Hom(f, Z) :
Hom(Y, Z)→ Hom(X,Z) in C , as well as the morphism map(f, Z) : map(Y, Z)→
map(X,Z) in ∆opSets, will be denoted by f ∗.
Notice that, if X ∈ dom(I) ∪ codom(I), it is cofibrant, and since A is cofibrant,
the monoidal product X ∧A is cofibrant too.
Lemma 31. An object Z in C is S-local if and only if Z is fibrant in C and the
induced morphism π∗ : Z ≃ Hom(1, Z)→ Hom(A,Z) is a weak equivalence in C .
Proof. Let X ∈ dom(I) ∪ codom(I). If π∗ is a weak equivalence, the morphism
map(X, π∗) : map(X,Z) → map(X,Hom(A,Z)) is a weak equivalence of simplicial
sets. If Z is fibrant, then the simplicial sets map(X,Hom(A,Z)) and map(X∧A,Z)
are canonically weak equivalent, since the objects X and A are cofibrant in C .
The composition of the morphism map(X, π∗) with this weak equivalence equals
to the morphism (idX ∧ π)
∗ : map(X,Z) → map(X ∧ A,Z), so that (idX ∧ π)
∗
is a weak equivalence of simplicial sets as well. By definition, it means that Z is
S-local. Conversely, if Z is S-local, the morphism (idX ∧ π)
∗ and so map(X, π∗) are
weak equivalences of simplicial sets. Then Z ≃ Hom(1, Z)
pi∗
→ Hom(A,Z) is a weak
equivalence in C by Proposition 3.2 in [8].
Lemma 32. If Y is a cofibrant object in C , the morphism Y ∧ A
idY ∧pi−→ Y ∧ 1 ≃ Y
is an S-local equivalence, i.e. a weak equivalence in CS.
Proof. For any S-local object Z the morphism π∗ : Z → Hom(A,Z) is a weak
equivalence by Lemma 31 so that map(Y, π∗) is a weak equivalence of simplicial
sets. As in the proof of Lemma 31 this implies that (idY ∧π)
∗ is a weak equivalence
of simplicial sets for any S-local Z. This means that the morphism Y ∧ A
idY ∧pi−→ Y
is an S-local equivalence.
Proposition 33. Let C and S be as above. Then the model structure MS is com-
patible with the monoidal structure in C .
Proof. LetX be an object in dom(I)∪codom(I) and let f be a morphism from the set
S. By definition, there exists W ∈ dom(I)∪ codom(I), such that f = idW ∧π : W ∧
A→W . Smashing with X we obtain the morphism idX ∧f : X ∧W ∧A→ X ∧W .
Applying Lemma 32 to Y = X ∧W we obtain that idX ∧ f is a weak equivalence
in C . Hence, the category C and the set S satisfy the conditions of Lemma 28.
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Notice that the cofibrant replacements can be ignored here because X and W are
in dom(I) ∪ codom(I), so that they are cofibrant, and A is cofibrant too.
Notice that the proof of Proposition 33 follows closely the proofs of Theorems 6.3
and 8.11 in [8].
Our aim is now to apply Theorem 30 to CS with S as above. For this we need
to impose more conditions on the morphism π. Suppose we are given with two
morphisms i0, i1 : 1 → A, such that π ◦ i0 = π ◦ i1 = id1. If f, g : X ⇒ Y are two
morphisms from X to Y in C , then we say that f and g are A-homotopic if there is
a morphism H : X ∧A→ Y , such that H ◦ (idX ∧ i0) = f and H ◦ (idX ∧ i1) = g. If
f : X → Y and g : Y → X are two morphisms in opposite directions, such that g ◦f
is A-homotopic to idX and f ◦ g is A-homotopic to idY , then f and g are mutually
inverse A-homotopy equivalences in C .
Following [14], we will be saying that π is an interval if there exists a morphism
µ : A∧A→ A, such that µ◦ (idA∧ i0) = i0 ◦π and µ◦ (idA∧ i1) = idA as morphisms
from A to itself.
Lemma 34. Let π : A → 1 be an interval in C . Then, for any cofibrant object X
in C , the morphism idX ∧ π : X ∧ A → X ∧ 1 ≃ X is an A-homotopy equivalence
in C .
Proof. From the definition of an interval, it follows that (idX ∧π) ◦ (idX ∧ i0) = idX .
Let H = idX ∧ µ, where µ is taken from the definition of an interval for A. Then
(X ∧A)∧A ≃ X ∧ (A∧A)
idX∧µ−→ X ∧A is an A-homotopy from (idX ∧ i0)◦ (idX ∧π)
to idX∧A.
We will say that the object A, together with the morphisms i0, i1 : 1 → A, is
diagonalizable if A is a symmetric co-algebra (possibly, without a co-unit), i.e. there
exists a morphism δ : A → A ∧ A, such that the compositions (idA ∧ δ) ◦ δ and
(δ ∧ idA) ◦ δ coincide, t ◦ δ = δ, where t : A ∧ A→ A ∧A is the transposition in C ,
and there are two equalities α ◦ i0 = (i0 ∧ i0) ◦ ξ and α ◦ i1 = (i1 ∧ i1) ◦ ξ, where ξ
is the inverse to the obvious isomorphism 1 ∧ 1
∼
→ 1. By co-associativity, we have
also the morphisms δn : A → A
∧n obtained by iterating δ. The following lemma
is a straightforward generalization of Lemma 1, where ∆[1] is being replaced by an
abstract diagonalizable object A.
Lemma 35. Let A be diagonalizable. Then, for any two A-homotopic morphisms
f, g : X ⇒ Y , and for any positive integer n, the morphisms Symn(f) and Symn(g)
are A-homotopic in C .
Example 36. Let C be as above and assume furthermore that C is simplicial, and
that the structures are compatible with each other. Consider the functor ∆opSets→
C sending a simplicial set K into the object 1 ∧ K, and the same on morphisms.
Let π : A→ 1 be the image of the morphism ∆[1]→ ∆[0] under this functor. Then
π is a diagonalizable interval in C , where the morphism µ : ∆[1] × ∆[1] → ∆[1] is
induced by the multiplication [1]× [1]→ [1].
Example 37. Let B be a Noetherian separated scheme of finite Krull dimension,
and let C be the category ∆opPre(Sm/B) of simplicial presheaves on the category
of smooth schemes of finite type over B endowed with the stalk-wise model structure
with respect to the Nisnevich or e´tale topology. By abuse of notation, denote by A1
the simplicial presheaf represented by the affine line A1B over B. The monoidal unit
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1 is represented by B, as a scheme over itself. The structural morphism π : A1 → 1
is then a diagonalizable interval in C , where µ : A1 ∧A1 → A1 is the multiplication
induced by the fibre-wise multiplication in A1B, see [14].
Now we are ready to prove the main result of this section.
Theorem 38. Let C be a closed symmetric monoidal left proper cellular model
category C cofibrantly generated by the set of generating cofibrations I and the set
of generating trivial cofibrations J , such that the domains and codomains of the
cofibrations from I are cofibrant, and the sets I and J are both symmetrizable. Let
A be a cofibrant object and let π : A→ 1 be a diagonalizable interval in C . Let also
S = {X ∧A
id∧pi
−→ X | X ∈ dom(I)∪ codom(I)} be the set of morphisms in C . Then
all S-local cofibrations between cofibrant objects are symmetrizable.
Proof. By Proposition 33 and Theorem 5, C and S satisfy the first two assumptions
of Theorem 30, so that we only need to show that they satisfy the third assumption of
it. By Theorem 22, symmetric powers preserve weak equivalences between cofibrant
objects in C . This is why, for any f ∈ S, the morphism Symn(Q(f)) is an S-local
equivalence if and only if the morphism Symn(f) is an S-local equivalence in C .
Let now f be the morphism idX ∧ π : X ∧ A → X ∧ 1 ≃ X is S, where X ∈
dom(I)∪ codom(I). Then f = idX ∧π is an A-homotopy equivalence by Lemma 34.
By Lemma 35, Symn(f) is an A-homotopy equivalence too. Since I is symmetrizable,
Symn(X ∧ A) and Symn(X) are cofibrant by Corollary 8, because X and A are
cofibrant.
By Proposition 33, idY ∧ π is an S-local equivalence for any cofibrant Y . This
implies that A-homotopic morphisms between cofibrant objects are the same in the
homotopy category Ho(CS). Therefore, an A-homotopy between cobibrant objects
is an S-local equivalence in C . Summing up, we obtain that Symn(f) is an S-local
equivalence in C .
Corollary 39. If the assumptions of Theorem 38 are satisfied, the left derived func-
tors LSymn exist on Ho(CS) and commute with Ho(C )→ Ho(CS).
Proof. Follows from Theorem 38 and Theorem 22.
8. Positive model structures on spectra
Now we are going to study symmetric powers in stable categories. The main
tool here is the idea of a positive model structure. In this section we will construct
positive model structures for abstract symmetric spectra with the usual notion of
stable weak equivalences, see Theorem 45. Positive model structures will be used in
Section 9.
Let C be a closed symmetric monoidal model category which is, moreover, left
proper and cellular model category. Suppose in addition that all domains of the
generating cofibrations in I are cofibrant. Let T be a cofibrant object in C . As it
was shown in [8], with the above collection of structures imposed upon C there is a
passage from C to a category
S = SptΣ(C , T )
of symmetric spectra over C stabilizing the functor
− ∧ T : C −→ C .
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Let’s remind the basics of this construction for reader’s sake. Let Σ be a disjoint
union of symmetric groups Σn for all n ≥ 0, where Σ0 is the permutation of the empty
set, so, isomorphic to Σ1, and all groups are considered as one object categories.
Let C Σ be the category of symmetric sequences over C , i.e. functors from Σ to
C . Explicitly, a symmetric sequence is a collection (X0, X1, X2, . . . ) of objects in C
together with the action of Σn on Xn for each n > 1. Since C is closed symmetric
monoidal, so is the category C Σ with the monoidal product given by the formula
(X ∧ Y )n = ∨i+j=nΣn ×Σi×Σj (Xi ∧ Yj) ,
where for any group G and a subgroup H in G the functor G×H− is the functor cor
G
H
described in Section 4, see [9] or [8]. The restriction to the n-th slice of the symmetry
isomorphism X ∧ Y ≃ Y ∧X is equal to the product of the right translation
Σn → Σn , σ 7→ σ ◦ τj,i ,
and the symmetry isomorphism Xi∧Yj ≃ Yj ∧Xi in C , where τj,i permutes the first
block of j and the second block of i elements, [9, Sect. 2.1].
Let S(T ) be the free commutative monoid on the symmetric sequence (∅, T, ∅, ∅, . . . ),
i.e. the symmetric sequence S(T ) = (1, T, T∧2, T∧3, . . . ), where Σn acts on T
∧n by
permutation of factors (recall that ∅ is the initial object in C ). Then S is the
category of modules over S(T ) in C Σ. In particular, any symmetric spectrum X is a
sequence of objects (X0, X1, X2, . . . ) in C together with Σn-equivariant morphisms
Xn ∧ T −→ Xn+1 ,
such that for all n, i ≥ 0 the composite
Xn ∧ T
∧i −→ Xn+1 ∧ T
∧(i−1) → · · · → Xn+i
is Σn × Σi-equivariant. One has a natural closed symmetric monoidal structure on
S given by product of modules over the commutative monoid S(T ).
For any non-negative n consider the evaluation functor
Evn : S −→ C
sending any symmetric spectrum X to its n-slice Xn. Each Evn has a left adjoint
Fn : C −→ S ,
which can be constructed as follows. First we define a naive functor F˜n from C to
C Σ taking any object A in C into the symmetric sequence
(∅, . . . , ∅,Σn × A, ∅, ∅, . . . ) ,
in which Σn ×A stays on the n-th place. On the second stage we set
Fn(A) = F˜n(A) ∧ S(T ) ,
see [8, Def. 7.3]. Then, for any non-negative integer m one has
Evm(Fn(A)) = Σm ×Σm−n (A ∧ T
∧(m−n)) ,
where Σm−n is embedded into Σm by permuting the first m− n elements in the set
{1, . . . , m}.
The functors Fn have the following monoidal property: there is a canonical iso-
morphism Fp(A) ∧ Fq(B) ≃ Fp+q(A ∧ B). The restriction to the m-th slice of the
symmetry isomorphism Fp(A) ∧ Fq(B) ≃ Fq(B) ∧ Fp(A) is the morphism
Σm ×Σm−p−q (A ∧B ∧ T
∧(m−p−q))→ Σm ×Σm−p−q (B ∧ A ∧ T
∧(m−p−q))
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which is equal to the product of the right translation
Σm → Σm , σ 7→ σ ◦ τq,p ,
the symmetry isomorphism A ∧ B ≃ B ∧ A in C , and the identity morphism on
T∧(m−p−q).
The model structure on S is constructed in two steps – projective model structure
coming from the model structure on C and its subsequent Bousfield localization.
Let IT = ∪n≥0Fn(I) and JT = ∪n≥0Fn(J), where Fn(I) is the set of all morphisms
of type Fn(f), f ∈ I, and the same for Fn(J). Let also WT be the set of projective
weak equivalences, where a morphism f : X → Y is a projective weak equivalence
in S if and only if fn : Xn → Yn is a weak equivalence in C for all n ≥ 0. The
projective model structure
M = (IT , JT ,WT )
is generated by the set of generating cofibrations IT and the set of generating weak
cofibrations JT . As the model structure in C is left proper and cellular, the projective
model structure in S is left proper and cellular too, [8]. Projective fibrations of
spectra are level-wise fibrations. The closed monoidal structure on S is compatible
with the model structure M .
Remark 40. By Remark 7.4. in [8], each functor Evm has right adjoint. The above
formula for Evm(Fn(A)) implies that, given a morphism f in C , the morphism
Evm(Fn(f)) is a coproduct of the product of f with a power of T . Since T is
cofibrant, Evm(Fn(f)) is a (trivial) cofibration provided f is so. This is why Evm
sends generating (trivial) cofibrations, in the sense of the model structure M , to
(trivial) cofibrations in the model category C . Applying Lemma 2.1.20 in [7], we
see that the functors Evm are left Quillen.
Let now
ζAn : Fn+1(A ∧ T )→ Fn(A)
be the adjoint to the morphism
A ∧ T → Evn+1(Fn(A)) = Σn+1 × (A ∧ T )
induced by the canonical embedding of Σ1 into Σn+1. For any set of morphisms U
let dom(U) and codom(I) be the set of domains and codomains of morphisms from
U , respectively. Let then
S = {ζAn | A ∈ dom(I) ∪ codom(I) , n ≥ 0} ,
where Q is the cofibrant replacement in the projective model structure. Then a
stable model structure
MS = (IT , JT,S,WT,S)
in S is defined to be the Bousfield localization of the projective model structure
with respect to the set S. It is generated by the same set of generating cofibrations
IT , and by a new set of generating weak cofibrations JT,S. Here WT,S is the set
of stable weak equivalences, i.e. new weak equivalences obtained as a result of the
localization. The condition of Lemma 28 is satisfied and the stable model structure
is compatible with the monoidal structure on S .
The importance of the stable model structure is that the functor −∧T is a Quillen
autoequivalence of S with respect to this model structure.
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An abstract stable homotopy category, in our understanding, is the homotopy
category T of the category of symmetric spectra over a closed symmetric monoidal
model category C as above, stabilizing a smash-with-T functor for a cofibrant object
T in C , i.e. the homotopy category of S with respect to stable weak equivalences
WT,S.
Notice also that by Hovey’s result, see [8], the homotopy category T is equivalent
to the homotopy category of ordinary T -spectra provided the cyclic permutation on
T ∧ T ∧ T is left homotopic to the identity morphism.
Now we introduce positive model structures on S . Let I+T = ∪n>0Fn(I), J
+
T =
∪n>0Fn(J) and let W
+
T be the set of morphisms f : X → Y , such that fn : Xn → Yn
is a weak equivalence in C for all n > 0. We call such morphisms positive projective
weak equivalences.
Proposition 41. There is a cofibrantly generated model structure on S
M
+ = (I+T , J
+
T ,W
+
T ) ,
called a positive projective model structure. Positive projective fibrations are level-
wise fibrations in positive levels. Positive projective cofibrations are projective cofi-
brations that are also isomorphisms in the zero level.
Proof. We check that the sets I+T , J
+
T and W
+
T satisfy the conditions of Theo-
rem 2.1.19 in [7], so that they generate a model structure. Condition 1 is satis-
fied automatically. Conditions 2 and 3 are immediately implied by the inclusions
I+T -cell ⊂ IT -cell, J
+
T -cell ⊂ JT -cell and the fact that M = (IT , JT ,WT ), whence the
sets IT , JT and WT satisfy the conditions 2 and 3.
Obviously, all morphisms in J+T -cell are positive level weak equivalences. To check
condition 4 it remains only to show that J+T -cell ⊂ I
+
T -cof. The class I
+
T -cof is closed
under transfinite compositions and push-outs, see the proof of Lemma 2.1.10 on
page 31 in [7]. Thus, it is enough to show that J+T ⊂ I
+
T -cof, or, equivalently, that
I+T -inj ⊂ J
+
T -inj. Since the functors (Fn,Evn) are adjoint, we get that
J+T -inj = {f : X → Y in S | ∀n > 0 Evn(f) is a fibration inC } ,
i.e. the class J+T -inj is the class of positive level fibrations in S . Similarly,
I+T -inj = {f : X → Y in S | ∀n > 0 Evn(f) is a trivial fibration inC } .
It follows that I+T -inj ⊂ J
+
T -inj and condition 4 is done. Also, we obtain that
J+T -inj ∩ W
+
T = I
+
T -inj , which gives conditions 5 and 6.
The structure of fibrations and cofibrations in M+ can be proved using the def-
inition of I+T , J
+
T , left lifting property and the adjunction between Fn and Evn.
Corollary 42. There is a Quillen adjunction
(F1(T ) ∧ −,Hom(F1(T ),−))
between M and M+ and a Quillen adjunction (Id, Id) between M+ and M .
Let now
S+ = {ζAn | A ∈ dom(I) ∪ codom(I) , n > 0} ,
and let
M
+
S+ = (I
+
T , J
+
T,S+,W
+
T,S+)
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be a localization of the positive projective model structure with respect to the above
set S+. We call it a positive stable model structure on S . Certainly, we can also
localize the positive projective model structure by the set S getting an intermediate
model structure M+S = (I
+
T , J
+
T,S,W
+
T,S).
Lemma 43. With respect to the closed monoidal structure on S the model structure
M+ is an M -module and the model structure M+S+ is an MS-module. In addition,
the closed monoidal structure on S defines an adjunction in two variables with
respect to both model structures M+ and M+S+ (see Definition 4.2.1 in [7]).
Proof. The proof of the facts that M+ is an M -module and that we have an
adjunction in two variables with respect to M+ is similar to the proof of Theorem
8.3 in [8]. Then we use Lemma 28 and Remark 29. Namely, the domains and
codomains of morphisms in IT are of the form Fn(A), n ≥ 0, where A is a domain
or a codomain of a morphism in I. Morphisms in S have cofibrant domains and
codomains. The analogous is true in the positive setup. Now everything follows
from the monoidal properties of the functors Fn.
Notice that the unit axiom is not satisfied for the model structure M+, thus S
is not a closed monoidal model category with respect to M+. Indeed, let S(T )+
denote the spectrum with S(T )+0 = ∅ and S(T )
+
n = S(T )n for n > 0. Then the
natural morphism S(T )+ → S(T ) is a positive cofibrant replacement for the unit in
S . However, in general S(T )+ ∧ X → X is not a positive weak equivalence for a
positively cofibrant X . For example, if X = Fn(A), n > 0, then a calculation shows
that (S(T )+ ∧ Fn(A))m = ∅ for m ≤ n and (S(T )
+ ∧ Fn(A))m = (S(T ) ∧ Fn(A))m
for m > n. Thus, the morphism in question fails to be a weak equivalence in level
n.
Lemma 44. Any positive weak equivalence is a stable weak equivalence.
Proof. Let f : X → Y be a positive weak equivalence. We claim that for any Z in
S , there is a canonical bijection
HomHo(M )(Z ∧
L F1(T ), X) = HomHo(M )(Z ∧
L F1(T ), Y ) .
For this we use Quillen adjunctions from Corollary 42 and the fact thatRHom(F1(T ), f)
is an isomorphism in Ho(M ) as f is an isomorphism in Ho(M+).
Let g : Y ∧L F1(T ) → X be a morphism in Ho(M ) that corresponds to the
morphism idY ∧
L ζ10 : Y ∧
L F1(T )→ Y under the above bijection applied to Z = Y
(note that g may be not a class of a morphisms in C , which is the reason to consider
homotopy categories). Then we obtain a commutative diagram
X ∧L F1(T )
idX∧
Lζ10

f∧Lid
// Y ∧L F1(T )
g
yyrr
r
r
r
r
r
r
r
r
r
r
r
r
r
r
r
r
r
r
r
r
r
idY ∧
Lζ10

X
f
// Y
The commutativity of the lower triangle is by construction of g, while commutativity
of the upper triangle is checked by applying f and using the above bijection for the
case Z = X . Since id ∧L ζ10 is an isomorphism in Ho(MS), we see that f is also an
isomorphism in Ho(MS) with the inverse being g ◦ (idY ∧
L ζ10 )
−1.
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Theorem 45. In the above terms,
WT,S = W
+
T,S+ = W
+
T,S .
Proof. Let’s apply Theorem 3.3.20(1)(a) from [5] to adjunctions from Corollary
42. Indeed, the domains and codomains of morphisms in S and S+ are cofibrant
in the corresponding model structures and we have F1(T ) ∧ S ⊂ S
+, S+ ⊂ S,
whence the conditions of the above theorem are satisfied. Therefore, we obtain the
corresponding Quillen adjunctions between Bousfield localizations MS and M
+
S+.
We claim that these localized Quillen adjunctions are actually equivalences. More
precisely, the functors
F1(T ) ∧
L − : Ho(MS)→ Ho(M
+
S+) , LId : Ho(M
+
S+)→ Ho(MS)
are quasiinverse. For this it is enough to show that for any (positively) cofibrant X
the natural morphism F1(T )∧X → X is a (positive) stable weak equivalence. This
follows from Lemma 43, because F1(T )→ F0(1) is a stable weak equivalence.
Since cofibrant objects in M+S+ are the same as in M
+, the equivalence LId :
Ho(M+S+)→ Ho(MS) sends an object X in S to Q
+(X), where Q+ is the cofibrant
replacement in M+. Therefore a morphism f : X → Y in S is in W+T,S+ if and
only if Q+(f) is in WT,S. By Lemma 44, the natural morphisms Q
+(X) → X and
Q+(Y )→ Y are in WT,S. Consequently, Q
+(f) is in WT,S if and only if f is in WT,S,
whence we get W+T,S+ = WT,S. his implies that (M
+
S+)S = M
+
S+ . On the other hand,
(M+S+)S = M
+
S , because S
+ ⊂ S.
Corollary 46. The monoidal structure on S is compatible with the model structure
M
+
S+
Proof. By Theorem 45, the morphism F1(T ) → F0(1) is a cofibrant replacement
in M+S+. The morphism F1(T ) ∧ X → F0(1) ∧ X = X is a positive stable weak
equivalence for any positively cofibrant X by Lemma 43.
Remark 47. For a natural p call a p-level weak equivalence (fibration) a morphism
in S which is a level weak equivalence (fibration) for n-slices with n ≥ p. These
two classes of morphisms define a model structure M≥p on S . Cofibrations in M≥p
are cofibrations in M which are isomorphisms on n-slices with n < p. By methods
similar to those used above one shows that any n-level weak equivalence is a stable
weak equivalence. Moreover, stable weak equivalences are obtained by localization
of M≥p over the set of morphisms {ζAn | A ∈ dom(I) ∪ codom(I) , n ≥ p}.
9. Symmetric powers in stable categories
Using results from Section 8, we are now going to show that left derived powers
exist and coincide with homotopy symmetric powers for abstract symmetric spectra,
see Theorem 50 below. This will be applied in Section 11 to the motivic stable
homotopy category of schemes over a base.
So, let again C be a closed symmetric monoidal left proper cellular model category,
T a cofibrant object in C , and S = SptΣ(C , T ) the category of symmetric spectra.
To obtain results for symmetric spectra, similar to Theorem 22 and Corollary 24,
we would require symmetrizability of generating cofibrations in S . However, we
can unlikely meet such symmetrizability in applications, see Remark 53 below. In-
stead, we will be exploring strong Evn-symmetrizability for cofibrations in S . The
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phenomenon of strong Evn-symmetrizability was first observed in [2] for topological
spectra. However, our proof for the case of abstract spectra is different from the one
in loc.cit., and heavily relies on Theorem 5.
Proposition 48. Let X be an object in S = SptΣ(C , T ), cofibrant with respect
to the positive projective model structure M+. Then, for any two positive integers
m and n, the object (X∧n)m, as an object of the category C
Σn, is cofibrant in the
canonical model structure in C Σn.
Proof. By Corollary 9, we need only to show that I+T is a strongly symmetrizable set
of Evm-cofibrations for all m > 0. Let f1, . . . , fl be a finite collection of morphisms
in I. Recall that I is the set of generating cofibrations in the initial cofibrantly
generated category C . Let also p1, . . . , pl be a collection of l positive integers. We
have to show that the morphism
Evm((Fp1f1)
2n1
2 . . .2(Fplfl)
2nl)
is a cofibration in C Σn1×···×Σnl for any multidegree {n1, . . . , nl}.
Let r = n1p1+ · · ·+nlpl, f = f
2n1
1 2 . . .2f
2nl
l , and let A and B be the source and
target of the morphism f . For any non-negative i the functor Fi commutes with
colimits since it is left adjoint. This and the monoidal properties of the functors Fi
imply that
(Fp1f1)
2n1
2 . . .2(Fplfl)
2nl = Fn1p1+···+nlpl(f
2n1
1 2 . . .2f
2nl
l ) = Fr(f) .
Applying Evm one has
Evm(Fr(A)) = Σm ×Σm−r (A ∧ T
∧(m−r))
and
Evm(Fr(B)) = Σm ×Σm−r (B ∧ T
∧(m−r)) ,
where the group Σn1×· · ·×Σnl acts onA andB naturally, acts identically on T
∧(m−r),
and it acts by right translations on Σm being embedded in it as permutations of the
blocks in each of the l clusters of blocks, such that the i-th cluster contains ni blocks
of pi elements each one, for i = 1, . . . , l.
The point here is that this action of the group Σn1×· · ·×Σnl on the set {1, . . . , m}
induces a free action of the same group on the objects Evm(Fr(A)) and Evm(Fr(B))
because the (right) action of Σn1×· · ·×Σnl on the right cosets of Σm−r in Σm is free
1.
It follows that the morphism Evm(Fr(f)) in C
Σn1×···×Σnl is isomorphic to a bouquet
of several copies of the morphism (Σn1 × · · · × Σnl) × (f ∧ T
∧(m−r)). Therefore,
Evm(Fr(f)) is a cofibration in C
Σn1×···×Σnl , as required.
Let now D be a cofibrantly generated model category and let G be a finite group.
Then the functor Y 7→ Y/G from DG to D is left Quillen and it has left derived by
Theorem 11.6.8 in [5]. Given Y in DG, the homotopy quotient (Y/G)h is the value
of this left derived functor at Y . In particular, there is a canonical morphism from
(Y/G)h to Y/G, which is a weak equivalence when Y is cofibrant in D
G. If D is in
addition simplicial, then the homotopy quotient (Y/G)h is weak equivalent to the
Borel construction (EG ∧ Y )/G.
Lemma 49. Let Y be an object in S G, such that for any positive integer m the
object Ym is cofibrant in the model structure on C
G. Then the canonical morphism
(Y/G)h → Y/G is a weak equivalence in M
+.
1it is essential that all pi are positive
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Proof. Consider the positive projective model structure M+ on the category S
and the induced model structure on S G. Let QG+(Y )→ Y be the cofibrant replace-
ment in S G. By Remark 40 and Proposition 41, the functors Evm are left Quillen.
Lemma 11.6.4 in [5] implies that the functors EvGm : S
G → C G are also left Quillen.
Therefore, the object Evm(Q
G
+(Y )) = Q
G
+(Y )m is cofibrant in C
G for all m. Combin-
ing this with the assumption of the lemma, we see that, for all m > 0, the canonical
morphism QG+(Y )m/G → Ym/G is a weak equivalence in C . As colimits in spectra
are term-wise, the canonical morphism QG+(Y )/G → Y/G is a positive projective
weak equivalence.
Notice that Lemma 49 is also true for the usual projective model structure M ,
and for more general model structures M≥p from Remark 47.
Let now Symn(X)h be the n-th homotopy symmetric power of X , i.e. the homo-
topy quotient (X∧n/Σn)h. Combining Proposition 48 and Lemma 49, we obtain the
following important result.
Theorem 50. Let X be an object in S = SptΣ(C , T ), cofibrant with respect to the
positive projective model structure M+. Then, for any non-negative integer n the
natural morphism
θX,n : Sym
n
h(X) −→ Sym
n(X)
is a weak equivalence in M+. Hence, it is also a stable weak equivalence by Theorem
45.
Corollary 51. Symmetric powers preserve positive projective and stable weak equiv-
alences between positively cofibrant objects in S .
Proof. The functors Symnh, being homotopy quotients, preserve positive projective
and stable weak equivalences. Then we apply Theorem 50.
Corollary 52. Let T be the homotopy category of the category of symmetric spectra
S . The functors Symn : S → S have left derived functors LSymn : T → T ,
which are canonically isomorphic to the homotopy symmetric powers Symnh. Besides,
the left deried functors LSymn give a λ-structure in T , which is canonical in the
sense of positive stable model structure on symmetric spectra.
Proof. This is a straightforward consequence of Theorem 50, Ken Brown’s lemma
and the fact that homotopy symmetric powers give rise to Ku¨nneth towers in dis-
tinguished triangles.
Remark 53. In contrast to level-wise strong symmetrizability asserted by Proposi-
tion 48, (positive) cofibrations in S are not symmetrizable in general. Indeed, if f
is a cofibration in C , then symmetrizability of Fp(f) in S , for some p > 0, is equiv-
alent to strong symmetrizability of f in C . Then cofibrations are not symmetrizable
for spectra of simiplicial sets by Example 4. Furthermore, by a similar argument
as in Corollaries 51 and 52, one shows that strong symmetrizability of cofibrations
in C implies that left derived symmetric powers exist for C and coincide with the
corresponding homotopy symmetric powers. By results from Sections 10 and 11,
this gives again that cofibrations are not strongly symmetrizable for (pointed) sim-
plicial sets and, as a consequence, for (pointed) motivic spaces (motivic spaces will
be considered in Section 11 below).
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10. Symmetrizable cofibrations in topology
Let us illustrate symmetrizability of (trivial) cofibrations in Kelley spaces and
simiplicial sets. Recall that the category Top of all topological spaces is not a
closed symmetric monoidal category, as it does not have an internal Hom in it.
The right category is the category of Kelley spaces K , see Definition 2.4.21(3) in
[7]. It is a closed symmetric monoidal model category with regard to the monoidal
product defined by means of the right adjoint to the embedding of K into Top,
see Theorem 2.4.23 and Proposition 4.2.11 in loc.cit. The point here is that the
realization functor | | from ∆opSets to Top takes its values in K and, moreover,
the it is symmetric monoidal left Quillen, as a functor into K , see Proposition
4.2.17, loc.cit. It follows that the category K is simplicial. For any non-negative
integer n let ∆[n] = Hom∆(−, [n]) be the n-th simplex. If Is is the set of the
canonical inclusions ∂∆[n] →֒ ∆[n], n ≥ 0, and Js is the set of canonical inclusions
Λi[n] →֒ ∆[n], n > 0, 0 ≤ i ≤ n, then Is and Js are the sets of generating cofibrations
and the set of generating trivial cofibrations for the model structure in ∆opSets.
Respectively, the sets |Is| = I and |Js| = J cofibrantly generate K .
Lemma 54. If f is a weak equivalence in ∆opSets then Symn(f) is a weak equiv-
alence in ∆opSets for any n ≥ 0.
Proof. Let f : X → Y be a weak equivalence in ∆opSets. Since | | is a left Quillen
functor from ∆opSets to K , all simplicial sets are cofibrant and Kelley spaces are
fibrant, |f | is a weak equivalence between fibrant-cofibrant objects in K . Then |f |
is a left homotopy equivalence in the simplicial closed symmetric monoidal model
category K . Applying Lemma 1, we obtain that Symn(|f |) is a weak equivalence
in K for all n ≥ 0. Since | | is monoidal and left adjoint, we have that Symn(|f |)
is the same morphism as |Symn(f)|.
Proposition 55. All (trivial) cofibrations in ∆opSets, and all (trivial) cofibrations
in ∆opSets∗ are symmetrizable.
Proof. By Lemma 10, it is enough to prove the proposition in the unpointed case
only. For the set of all cofibrations, since the monoidal product and colimits in
∆opSets are level-wise, it is enough to prove a similar proposition in the category
of sets, where cofibrations are injections. This is an easy exercise. For the set of all
trivial cofibrations, we apply Lemma 54 together with Corollary 21.
Proposition 56. All (trivial) cofibrations in K , and all (trivial) cofibrations in K∗
are symmetrizable.
Proof. Since |Is| = I, |Js| = J , and | | is a symmetric monoidal functor commuting
with colimits, we see that by Proposition 55, I and J are symmetrizable. Thus we
conclude by Corollary 7.
Since the sets of cofibrations and trivial cofibrations in ∆opSets, ∆opSets∗, K ,
and K∗ are symmetrizable, we can apply Theorem 22 getting λ-structures of left
derived symmetric powers in the corresponding unstable homotopy categories. In
the stable setting, when S = SptΣ(C , T ), the category C is the category ∆opSets∗
of pointed simplicial sets and T is the simplicial circle S1, i.e. the coequalizer of the
two boundary morphisms ∆[0]⇒ ∆[1], then Theorem 50 and Corollary 51 specialize
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to the results [2], III, 5.1, and [13], 15.5. Corollary 52 yields the λ-structure of left
derived symmetric powers in the topological stable homotopy category.
11. Symmetrizable cofibrations in A1-homotopy theory of schemes
Now we are going to apply the main results of the paper to the Morel-Voevodsky
homotopy theory of schemes over a base and prove the existence of λ-structures of
left derived symmetric powers in both unstable and stable settings of that theory.
So, let B be a Noetherian separated scheme of finite Krull dimension, Sm/B
the category of smooth schemes of finite type over B, and let Pre(Sm/B) be the
category of presheaves of sets on Sm/B, i.e. contravariant functors from Sm/B to
Sets. Let C be the category ∆opPre(Sm/B) of simplicial presheaves over B. Some-
times it is convenient to think of C as the category Pre(Sm/B ×∆) of presheaves
of sets on the Cartesian product of two categories Sm/B and ∆. If X is a smooth
scheme over the base B, let ∆X [n] be a presheaf on Sm/B × ∆ sending any pair
(U, [m]) to the Cartesian product of sets HomSm/B(U,X) × Hom∆([m], [n]). Then
we get a fully faithful embedding of the category of smooth schemes over B into
the category of simplicial presheaves, h : Sm/B → C , sending X to the presheaf
∆X [0] represented by X , and similarly on morphisms. If K is a simplicial set, i.e.
a presheaf of sets on the simplicial category ∆, then it induces another presheaf on
Sm/B ×∆ by ignoring schemes and sending a pair (U,m) to the value Km of the
functor K on the object [m] in ∆. This gives a functor ∆opSets → C , which pro-
vides a simplicial structure on the category C . The symmetric monoidal structure
in C is defined section-wise, i.e. for any two simplicial presheaves X and Y the
value of their product on (U, [m]) is the Cartesian product of the values of X and
Y on (U, [m]).
Following Jardine, [10], we say that a morphism f : X → Y in C is a weak
equivalence if f induces weak equivalences on stalks of the presheaves X and Y ,
where stalks are taken in the sense of Nisnevich or e´tale topology on the category
Sm/B. Let W be the class of all weak equivalences in C . Notice that, in spite of
that C is a category of simplicial presheaves, the topology is needed to define weak
equivalences in C as we use stalks. Let also I be the set of monomorphisms of type
X →֒ ∆U [n] for some simplicial presheaf X , smooth B-scheme U and n ≥ 0. Fix a
cardinal β > 2α, where α is the cardinality of the morphisms in Sm/B. Let J be
the set of monomorphisms X → Y , which are weak equivalences and such that the
cardinal of the set of n-simplices in Y is less than β for all n. One can show that the
class I-cell consists of all section-wise monomorphisms of simplicial presheaves. Then
C together with the above defined weak equivalences and monomorphisms taken as
cofibrations is a simplicial left proper and cellular closed symmetric monoidal model
category cofibrantly generated by the set of generating cofibrations I and the set of
generating trivial cofibrations J . Actually, this is a consequence of a more general
result on model structures for simplicial presheaves on a site due to Jardine, see [10].
Such constructed model structure M = (I, J,W ) is called injective model structure
in C .
As well as in Example 37, denote by A1 the simplicial motivic space represented
by the affine line A1B over the base scheme B. Then A
1 → 1 is a diagonalizable
interval, with the multiplication coming from the multiplication in the fibres of the
structural morphism from A1B to B. The above injective model structure and the
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set of morphisms S = {X ∧ A1
id∧pi
−→ X | X ∈ dom(I) ∪ codom(I)} satisfy the
assumptions of the localization theorem in [5]. The corresponding left localized
model structure MA1 = (I, JA1,WA1) is one of the motivic model structures on
C , and the corresponding localization CA1 is again a simplicial left proper cellular
closed symmetric monoidal model category cofibrantly generated by the same set of
generating cofibrations I and the new localized set of generating trivial cofibrations
JA1 . The category CA1 is called the unstable motivic model category of schemes over
the base B. Its homotopy category Ho(CA1) is nothing but the unstable motivic
homotopy category of schemes over B, which we denote by H(B).
The following result is the precise statement of Theorem A mentioned in Intro-
duction.
Theorem 57. Let B be a Noetherian scheme of finite Krull dimension, and let
CA1 be the unstable motivic model category of schemes over B. Then all symmetric
powers Symn preserve weak equivalences in CA1, and the corresponding left derived
functors LSymn yield a λ-structure in H(B).
Proof. Since cofibrations in C are coming section-wise from cofibrations simplicial
sets, all objects are cofibrant in C . By the same reason, and by Proposition 55,
we also have that all cofibrations in C are symmetrizable. The class of trivial
cofibrations is symmetrizable too. Indeed, let f : X → Y be a trivial cofibration
C . Since stalks of presheaves are colimits commuting with symmetric powers, the
morphism (Symn(f))P on stalks at a point P is nothing but the n-th symmetric
power Symn(fP ) of the morphism fP induced by f at P . So (Sym
n(f))P is a weak
equivalence of simplicial sets by Proposition 55. Since, moreover, A1 → 1 is a
diagonalizable interval and all objects are cofibrant in C , we conclude by Theorem
38 and Theorem 22.
Remark 58. Theorem 57 holds true also in the pointed setting by Lemma 10.
Let now T be the motivic (1, 1)-sphere. Recall that T is the ∧-product of the
simplicial circle, i.e. the coequalizer of the two morphisms from ∆[0] to ∆[1], and the
algebraic group Gm over B in the pointed category C∗. The corresponding category
of symmetric spectra S = SptΣ((CA1)∗, T ), together with the corresponding stable
model structure, is the category of motivic symmetric spectra over the base scheme
B, and the homotopy category of S , with regard to the stable model structure, is
nothing but the Morel-Voevodsky motivic stable homotopy category over B, see [18]
and [11]. We will denote it by SH(B).
The category S = SptΣ((CA1)∗, T ) of motivic symmetric spectra has a structure
of a simplicial closed symmetric monoidal model category by Hovey’s result, [8].
Moreover, the simplicial suspension ΣS1 induces an autoequivalence in its homotopy
category SH(B), so that it is a triangulated category (use Section 6.5 in [7]). Then
we see that the results in Proposition 48, Theorem 50, Corollary 51 and Corollary 52
hold true for symmetric spectra of simplicial sets and for motivic symmetric spectra
uniformly. In other words, we have the following result (Theorem B in Introduction).
Theorem 59. Let B be a Noetherian scheme of finite Krull dimension, and let
T = S1 ∧Gm be the motivic sphere. Symmetric powers preserve stable weak equiva-
lences between positively cofibrant objects in the category SptΣ((CA1)∗, T ) of motivic
symmetric spectra over the base B. The corresponding left derived symmetric powers
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LSymn exist, they are canonically isomorphic to homotopy symmetric powers and
give rise to a λ-structure in SH(B).
The category SH(B), being triangulated, can be Q-localized getting the Q-linear
triangulated symmetric monoidal category SH(B)Q. Hirschhorn’s localization al-
lows to make symmetric spectra into a Q-linear stable model category, see Defi-
nition 3.2.14 in [1]. One can show that the λ-structure from Theorem 59 induces
the λ-structure of symmetric powers with Q-coefficients defined via idempotents
in endomorphism rings, see 3.3.20 in loc.cit. The latest λ-structure coincides with
the system of towers constructed in [3]. If now SH(B)cQ is the full subcategory of
compact objects in SH(B)Q, the λ-structure of Q-local left derived symmetric pow-
ers induces the λ-structure in the K-theory of the triangulated category SH(B)cQ
considered in [4].
12. Appendix: categorical v.s. geometrical symmetric powers
One of the numerous differences between the topological homotopy theory and
the motivic one is that motivic spaces or spectra are associated with the geometric
reality of deeper level. In particular, this leads to the following important phenom-
enon. For simplicity, let B be the spectrum of a field k. Recall that h is the Yoneda
type functor from the category Sch/k of all separated schemes of finite type over
k into the category C = ∆opPre(Sm/k) of simplicial presheaves on the e´tale or
Nisnevich site Sm/k. The problem is that, although the functor h obviously com-
mutes with products, it does not commute with colimits. More precisely, let X be
a separated scheme of finite type over k, such that any finite subset is contained in
an affine open subscheme in X . Under this assumption the n-th symmetric power
Symn(X) exists as an object in Sch/k. Then the n-th symmetric power Symn(hX)
of the motivic space hX , represented by X , is not the same as the motivic space
hSymn(X), represented by the symmetric power Sym
n(X) of the scheme X over k.
The comparison of these two objects is a question of critical importance, since its
understanding would provide the geometrical meaning to our categorical approach
to symmetric powers in the A1-homotopy setup.
If Sets is the category of sets with discrete topology, the category of presheaves
on the site Sets has one stalk only. This is why, if X is a set and G a finite group
acting on X , it is easy to show that the canonical map from hX/G to hX/G is an
isomorphism. Working with the Q-linear motivic symmetric spectra over a base,
the homotopy type of Symn(hX) will be the same as of hSymn(X), due to Jardine’s
transfers, see [12]. Below we consider some examples, which suggest what exactly
the difference between two homotopy types might depend on.
Let again C be the category of simplicial presheaves on Sm/k with the model
structure given by the e´tale topology on schemes. Let G be a finite group acting
on a separated scheme X of finite type over k. Suppose X can be covered by G-
invariant affine open subschemes, so that the quotient X/G exists in Sch/k. Let
α : hX/G → hX/G be the canonical morphism as above. In the case of symmetric
powers, X must be the n-th power of a scheme and G the symmetric group Σn
acting by permuting factors in X . We address the question whether α is a weak
equivalence in the model category C .
Proposition 60. Assume that G acts freely on X, i.e. the morphism π : X → X/G
is e´tale. Then the canonical morphism α : hX/G→ hX/G is a weak equivalence in C .
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Proof. To prove the proposition it is enough to show that α induces an isomorphism
on neighbourhoods of points, i.e. on spectra of strictly Henselian rings. So, let R
be a strictly Henselian local ring, m be the maximal ideal in it and l = R/m be the
corresponding residue field. All we need is to show that the canonical morphism of
sets αR : X(R)/G→ (X/G)(R) is an isomorphism. Let AR be the category of e´tale
algebras over R and let Al be the category of e´tale algebras over l. As R is Henselian
the residue homomorphism R→ l induces an equivalence of categories Ψ : AR → Al.
Let f : Spec(R) → X/G be an element in (X/G)(R). Its preimage, under the
morphism π, is a set of R-points of the e´tale R-algebra S, where Spec(S) → X is
the pull-back of f with respect to the morphism π : X → X/G. Let also f¯ be the
precomposition of f with the morphism Spec(l) → Spec(R), and let Spec(L) → X
be the pull-back of the precomposed morphism f¯ with respect to π. As Ψ is an
equivalence, we have that α−1R (f) = α
−1
l (f¯), i.e. α
−1
R (f) is bijective to l-points of
the e´tale l-algebra L. Since R is strictly Henselian, the residue field l is separably
closed, whence L is isomorphic to the product of n copies of the field l, where n is
the order of the finite group G, and G acts freely on Spec(L). Then the quotient of
the set of all l-points of X by G is identified with l-points of X/G. Therefore the
quotient of the set of all R-points of X by G is identified with R-points of X/G,
whence αR is a bijection.
The same argument shows that the morphism α is a monomorphism section-wise
in the case of the Nisnevich topology on schemes.
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